booleans: THEORY
BEGIN

boolean: TYPE+

bool: TYPE+ = boolean

FALSE, TRUE: bool

NOT, - [bool — bool}

AND, &, A, OR, V, IMPLIES, =, =, WHEN, IFF, &, &: [bool, bool — bool}

END booleans



equalities [T : TYPE}: THEORY
BEGIN

=: [T, T — boolean]

END equalities



notequal [T : TYPE}: THEORY
BEGIN

r, y: VAR T
#(z, y): boolean = Not (z = y);
#: [T, T — bool] = #

END notequal



if _def [T: TYPE}: THEORY
BEGIN

i¥: [boolean, T, T — T]

eND if def



boolean_props: THEORY
BEGIN

A, B: vArR bool

bool_exclusive : POSTULATE NOT (FALSE = TRUE)

bool_inclusive: POSTULATE A = FALSE OR A = TRUE

not_def: POSTULATE (NoT A) = IF A THEN FALSE ELSE TRUE ENDIF
and_def: poSTULATE (A AND B) = 1F A THEN B ELSE FALSE ENDIF
syand_def: POSTULATE & = AND

or_def: PoSTULATE (A OrR B) = IF A THEN TRUE ELSE B ENDIF
implies_def: posTuLATE (A mMPLIES B) = IF A THEN B ELSE TRUE ENDIF
syimplies_def : POSTULATE = = IMPLIES

when_def: posTULATE (A wHEN B) = (B mpLIES A)

iff_def: posturLaTE (A 1IFF B) = ((A ANnD B) orR (Notr A AND Not B))
syiff_def: POSTULATE < = IFF
excluded_middle: LemmA A or Nor A

END boolean_props



xor_def: THEORY
BEGIN

A, B: vArR bool
xor(A, B): bool = (A # B)
xor_def: LEMMA (A xorR B) = 1F A THEN NOT B ELSE B ENDIF

END xor_def



quantifier_props [t: TYPE}: THEORY
BEGIN

T: VAR T

P, (: VAR [t — bool]

not_exists: LEMMA (d x: p(x)) = Not (V x: NoT p(x))
exists_not: LEMMA (4 z: Not p(x)) = nNot (V z: p(x))

existS_or: LEMMA
(F z: plx) or q(v)) =
(3 z: plx)) or ( x: q()))

exists_implies: LEMMA
(3 z: p(x) mmpLIES q(x)) =
(3 z: ~Not p(x)) orR (A x: g(x)))

exists_and: LEMMA
(4 x: p(x) AND ¢(x)) IMPLIES
(3 z: p(x)) anp (3 z: q(2)))

not_forall: teMmma (V z: p(x)) = Not (3 x: NoTt p(x))
forall_not: rLEmMma (V x: NoT p(z)) = NoTt (4 z: p(x))

forall and: LEMMA
(V z: p(x) anp q(v)) =
(Vv z: p(x)) anp (V x: q(2)))

forall or: LEMMA
(VY z: p(x)) orR (V x: q(xr))) IMPLIES
(V x: p(xr) or q(x))

END quantifier_props



defined_types [t: TYPE]: THEORY
BEGIN

pred: TYPE = [t — bool]

PRED: 1vpE = [t — bool]
predicate: TYPE = [t — bool]
PREDICATE: 1vPE = [t — bool]
setof : TYPE = [t — bool]
SETOF: 1vpE = [t — bool]

END defined_types



exists] [T: TYPE}: THEORY
BEGIN

r, Yy: VAR T

P, q: VAR pred [T}

unique?(p): bool = V x, y: p(zr) aND p(y) IMPLIES = = ¥
existsl(p): bool = (3 x: p(r)) AND unique?(p)

unique_lem: LEMMA
(V x: p(xr) mmpLEs ¢(r)) mMPLIES (unique?(q) IMPLIES unique?(p))

existsl_lem: LEmmA (existsl! z: p(x)) mmpLIES (3 z: p(x))

END exists]



equality_props [T : TYPE}: THEORY
BEGIN

T, Y, zZ: VAR T

b: var bool

IF_true: POSTULATE IF TRUE THEN I ELSE y ENDIF = T

IF_false: POSTULATE IF FALSE THEN X ELSE Yy ENDIF = Y

IF same: LEMMA IF b THEN % ELSE & ENDIF — &I
reflexivity_of_equals: POSTULATE = = «x

transitivity_of_equals: POSTULATE © = Yy AND Yy = 2 IMPLIES T = 2
symmetry_of_equals: POSTULATE ¥ = y IMPLIES §y = T

END equality_props
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if_props [3, i: TYPE}: THEORY
BEGIN

a, b, c: var bool
T, Y: VAR S
f: VAR [s — t}
lift_ifl: LEMMA
f(QF a THEN x ELSE Yy ENDIF) =
IF a THEN f(x) ELSE f(y) ENDIF
lift_if2: LEMMA

IF (IF a THEN b ELSE c ENDIF) THEN X ELSE Y ENDIF =
IF a

THEN (IF b THEN X ELSE ¥ ENDIF)
ELSE (IF ¢ THEN & ELSE % ENDIF)
ENDIF

END if_props
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functions [D, R: TYPE}: THEORY
BEGIN

f, g: var [D — R]
T, Ti, Ta: VAR D
y: VAR R

Drel: var PRED[[D]]
Rrel: var PRED|[|R]]

extensionality_postulate : POSTULATE

vV (z: D): f(x) = gx) wF f = g
extensionality: Lemma (V (z: D): f(z) = g(x)) mMpLIES [ = g
congruence: POSTULATE f = g AND &) = oy IMPLIES [f(z1) = g(z2)
n: LeMMA (A (z: D): f(x)) = [

injective?(f): bool =
V @1, z2: (f(x) = flz2) = (11 = 22)))

surjective?(f): bool = (V y: (3 z: f(zr) = y))
bijective?(f): bool = injective?(f) & surjective?(f)
bij_is_inj: JUDGEMENT (bijective?) SUBTYPE_OF (injective?)
bij_is_surj: JUDGEMENT (bijective?) SUBTYPE_OF (surjective?)
domain(f): TYPE = D

range(f): TYPE = R

graph(f)(z, y): bool = (f(z) = y)

preserves(f, Drel, Rrel): bool =
V xy, x9: Drel(x;, w9) mmpLES Rrel(f(xq), f(x2))
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preserves(Drel, Rrel)(f): bool = preserves(f, Drel, Rrel)

inverts(f, Drel, Rrel): bool =
V xy, x9: Drel(x;, w9) mmpLEs Rrel(f(x2), f(x1))

inverts(Drel, Rrel)(f): bool = inverts(f, Drel, Rrel)

END functions
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functions_alt [D, R: T1YPE, Drel: PREDHDH , Rrel: PREDHRH]: THEORY
BEGIN

f: var [D — R}
preserves : HD — R} — bool] = preserves(Drel, Rrel)
inverts: [[D — R| — bool] = inverts(Drel, Rrel)

END functions_alt
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transpose [Tl, T, 13: TYPE}: THEORY
BEGIN

f:ovar [Ty — [T — T3]
r: VAR T

y: var Tp

transpose(f)()(x): Ts = f(@)(y)

END (transpose
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restrict [T : TYPE, S: TYPE FROM 1, R: TYPE}: THEORY
BEGIN

f: var [T — R]
$: VAR S
restrict(f)(s): R = f(s)
CONVERSION  restrict
injective_restrict: LEMMA
injective?(f) ™PLIES injective?(restrict(f))

restrict_of_inj_is_inj: JUDGEMENT restrict(f : (injective?[T, R} )) HAS_TYPE
(injective?[S, R])

END restrict

16



restrict_props [T: TYPE, R: TYPE}: THEORY
BEGIN

f: var [T — R]
restrict_full: LEMMA restrict [T , T, R] H =171

END restrict_props
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extend [T: TYPE, S: TYPE FROM 1, R: T1YPE, d: R]: THEORY
BEGIN

f: var [S — R}

t: vaAR T

extend(f)(t): R = 1 S_pred(t) THEN f(t) ELSE d ENDIF
restrict_extend: LEMMA restrict [T , S, R] (extend(f)) = f

END extend
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extend_bool [T: TYPE, S: TYPE FROM T]: THEORY
BEGIN

CONVERSION extend [T, S, bool, FALSE]

END extend_bool
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extend_props [T : TYPE, R: TYPE, d: R]: THEORY
BEGIN

f: var [T — R]
extend_full: LEmMmA extend [T , T, R, d] H =171

END extend_props
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extend_func_props [T : TYPE, S: TYPE FROM 1, R: TYPE, d: R]: THEORY
BEGIN

surjective_extend: supGement extend[T, S, R, d|(f: (surjective?[S, R])) HAs_TYPE
(surjective? [T, R])

END extend_func_props
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K_conversion [Tl, T5: TYPE}: THEORY
BEGIN

K_conversion(z: Ty)(y: Ty): T} =

END K_conversion
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K_props [T 1, I5: TYPE, S: TYPE FROM T; 1}: THEORY
BEGIN

K_preserves: jupcement K_conversion[T7, Th](z: S)(y: Tb) HAS_TYPE

S

K_preservesl : jupceMmenT K_conversion [T 1, 1 2} (r: S) HAS_TYPE
T, — 5]

END K_props
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identity [T : TYPE]: THEORY
BEGIN

r: VAR T
I: (bijective?[T, T]) = (A z: )

id: (bijective?[T’, T]) = (A z: )

identity: (bijective?[T’, T]|) = (A x:

END identity

)
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identity_props [T: TYPE, S: TYPE FROM T } : THEORY
BEGIN

T: VAR S

I_preserves: JUDGEMENT [ [T } (x) HAS_TYPE S
id_preserves: JUDGEMENT id[T'](x) HAS_TYPE S
identity_preserves: JUDGEMENT identity [T } () HAS_TYPE S

END identity_props
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relations [T: TYPE}: THEORY
BEGIN

R: var PRED|[T1]]

T, Y, Z: VAR T

eq: pred[[T]] = (X 2, y: = = y)

reflexive?(R): bool = V x: R(x, x)

irreflexive?(R): bool = V x: Notr R(z, )

symmetric?(R): bool = V z, y: R(x, y) mpLies R(y, x)

antisymmetric?(R): bool =
Vz, y: Rz, y) & Rly, z) = = =y

connected?(R): bool =
V x, y: © # y wpeLEs R(x, y) orR R(y, )

transitive?(R): bool =
Vo, y, z: Rx, y) & Ry, 2) = Rz, 2)

equivalence?(R): bool =
reflexive?(R) AND symmetric?(/2) AND transitive?(R)

equivalence: TYPE = (equivalence?)
equiv_is_reflexive: JUDGEMENT (equivalence?) sUBTYPE_OF (reflexive?)
equiv_is_symmetric: JUDGEMENT (equivalence?) SUBTYPE _OF (symmetric?)

equiv_is_transitive : JUDGEMENT (equivalence?) SUBTYPE_OF
(transitive?)

RC(R)(x, y): bool = (z = y) orR R(x, vy)

TC(R)(x, y): INDUCTIVE bool =
R(xz, y) oR (3 z: TC(R)(x, z) anp TC(R)(z, v))

RTC(R)(x, y): bool = (x = y) or TC(R)z, vy)
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END relations
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orders [T : TYPE}: THEORY
BEGIN

r, Yy: VAR T

<, <: VAR pred[[T”

p: VAR pred [T]

preorder?(<): bool = reflexive?(<) & transitive?(<)

preorder_is_reflexive : JUDGEMENT (preorder?) SUBTYPE_OF
(reflexive? [T ])

preorder_is_transitive : JUDGEMENT (preorder?) SUBTYPE_OF
(transitive? [T} )

equiv_is_preorder: JUDGEMENT (equivalence?[T']) SUBTYPE_OF
(preorder?)

partial_order?(<): bool = preorder?(<) & antisymmetric?(<)
po_is_preorder: JUDGEMENT (partial_order?) suBTYPE_OF (preorder?)

po_is_antisymmetric : JUDGEMENT (partial_order?) SUBTYPE_OF
(antisymmetric? [T} )

strict_order?(<): bool = irreflexive?(<) & transitive?(<)

strict_is_irreflexive : JUDGEMENT (strict_order?) SUBTYPE_OF
(irreflexive? [T} )

strict_order_is_antisymmetric: JUDGEMENT (strict_order?) SUBTYPE_OF
(antisymmetric? [T'])

strict_is_transitive : JUDGEMENT (strict_order?) SUBTYPE_OF
(transitive? [T} )
dichotomous?(<): bool = (V z, y: (x < y oR y < X))

total_order?(<): bool = partial_order?(<) & dichotomous?(<)
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total_is_po: JUDGEMENT (total_order?) suBTYPE_OF (partial_order?)

total_is_dichotomous: JUDGEMENT (total_order?) SUBTYPE_OF
(dichotomous?)

linear_order?(<): bool = total_order?(<)
linear_is_total : JUDGEMENT (linear_order?) suBTYPE_OF (total_order?)
total_is_linear: JUDGEMENT (total_order?) susBTYPE_OF (linear_order?)

trichotomous?(<): bool =
VY x, y: *t < yorRy < T OR T = ¥)

strict_total_order?(<): bool =
strict_order?(<) & trichotomous?(<)

strict_total_is_strict: JUDGEMENT (strict_total_order?) SUBTYPE_OF
(strict_order?)

strict_total_is_trichotomous: JUDGEMENT (strict_total_order?) SUBTYPE_OF
(trichotomous?)

well_founded?(<): bool =
(V p:
(4 y: p(y)) M™MPLIES
F (y: N: Vv (x: (p): (Not = < y))))

strict_well_founded?(<): bool =
strict_order?(<) & well_founded?(<)

strict_well_founded_is_strict: JUDGEMENT (strict_well_founded?) SUBTYPE_OF
(strict_order?)

strict_well_founded_is_well_founded: yupGEMENT (strict_well_founded?) SUBTYPE_OF
(well_founded?)

well_ordered?(<): bool =
strict_total_order?(<) & well_founded?(<)

well_ordered_is_strict_total: JUDGEMENT (well_ordered?) SUBTYPE_OF
(strict_total_order?)
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well_ordered_is_well_founded: jupGeMenT (well_ordered?) SUBTYPE_OF
(well_founded?)

nonempty_pred: TYPE = {p: pred[T] | d (x: T): p(x)}
pe: VAR pred[T]
upper_bound?(<)(x, pe): bool = V (y: (pe)): y < =z
upper_bound?(<)(pe)(x): bool = upper_bound?(<)(z, pe)
lower_bound?(<)(x, pe): bool = V (y: (pe)): =z < y
lower_bound?(<)(pe)(x): bool = lower_bound?(<)(x, pe)
least_upper_bound?(<)(z, pe): bool =

upper_bound?(<)(z, pe) AND

V y: upper_bound?(<)(y, pe) IMPLIES (r < Yy OR T = ¥)

least_upper_bound?(<)(pe)(z): bool =
least_upper_bound?(<)(z, pe)

greatest_lower_bound?(<)(x, pe): bool =
lower_bound?(<)(z, pe) AND

V y: lower_bound?(<)(y, pe) IMPLIES (y < T OR T = ¥)

greatest_lower_bound?(<)(pe)(z): bool =
greatest_lower_bound?(<)(z, pe)

END orders
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orders_alt [T : TYPE, <: pred[[TH , pe: nonempty_pred [TH: THEORY
BEGIN

r: VAR T

upper_bound?: [T — bool] = upper_bound?(<)(pe)
least_upper_bound?: [T" — bool|] = least_upper_bound?(<)(pe)
lower_bound? : [T — bool] = lower_bound?(<)(pe)

greatest_lower_bound? : [T — bool} =
greatest_lower_bound?(<)(pe)

least_upper_bound_is_upper_bound: JjupGEMENT (least_upper_bound?) SUBTYPE_OF
(upper_bound?)

greatest_lower_bound_is_lower_bound: JUDGEMENT (greatest_lower_bound?) SUBTYPE_OF
(lower_bound?)

END orders_alt
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restrict_order_props [T : TYPE, S: TYPE FROM 1’ }: THEORY
BEGIN

reflexive_restrict: JUDGEMENT restrict(R: (reflexive?[T'])) HAs_typE
(reflexive? [S } )

irreflexive_restrict: JUDGEMENT restrict(f?: (irreﬂexive?[T] )) HAS_TYPE
(irreflexive? [S ] )

symmetric_restrict: JUDGEMENT restrict(R : (symmetric?[T } )) HAS_TYPE
(symmetric? [S } )

antisymmetric_restrict: JUDGEMENT restrict(R: (antisymmetric?|[T'])) HAS_TYPE
(antisymmetric?[S])

connected_restrict: JUDGEMENT restrict(R: (connected? [T } )) HAS_TYPE
(connected? [S ] )

transitive_restrict: JUDGEMENT restrict(R: (transitive?[T'])) HAS_TYPE
(transitive? [ S])

equivalence_restrict: JUDGEMENT restrict([?: (equivalence?[T })) HAS_TYPE
(equivalence?[S])

preorder_restrict: JUDGEMENT restrict(R: (preorder?[T'])) HAS_TYPE
(preorder? [S ] )

partial_order_restrict: JUDGEMENT restrict(/2: (partial_order? [T } )) HAS_TYPE
(partial_order?[S])

strict_order_restrict: JUDGEMENT restrict(RR: (strict_order? [T] )) HAS_TYPE
(strict_order? [S ] )

dichotomous_restrict: JUDGEMENT restrict(R: (dichotomous?|[T'])) HAS_TYPE
(dichotomous?[S])

total_order_restrict: JUDGEMENT restrict(/2: (total_order? [T } )) HAS_TYPE
(total_order? [S } )

trichotomous_restrict: JUDGEMENT restrict(R: (trichotomous?|[T'])) HAS_TYPE
(trichotomous? [S ] )
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strict_total_order_restrict: JUDGEMENT restrict(/2: (strict_total_order? [T } )) HAS_TYPE
(strict_total_order?[S])

well_founded_restrict: JuDGEMENT restrict(R: (well_founded?[T'])) HAs_typE
(well_founded?[S])

well_ordered_restrict: JUDGEMENT restrict(R: (well_ordered? [T } )) HAS_TYPE
(well_ordered?[S])

END restrict_order_props
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extend_order_props [T: TYPE, S: TYPE FROM T } : THEORY
BEGIN

irreflexive_extend : yupcement extend[[T], [S], bool, FaLse|(R: (irreflexive?[S]))
HAS_TYPE (irreflexive? [T] )

symmetric_extend: JUDGEMENT extend[[T ] , [S] , bool, FALSE} (R: (symmetric?[S] )
HAS_TYPE (symmetric? [T ] )

antisymmetric_extend : JUDGEMENT extend
[[T], [S], bool,
FALSE|(R: (antisymmetric? [S } )
HAS_TYPE (antisymmetric? [T] )

transitive_extend: JUDGEMENT extendHT] , [S] , bool, FALSE} (R: (transitive?[S] )
HAS_TYPE (transitive? [T] )

strict_order_extend: JUDGEMENT extend
[[T], [S], bool, FaLsE](R: (strict_order?[S]))

HAS_TYPE (strict_order? [T] )

END extend_order_props

34



wif_induction [T: TYPE, <: (well_founded? [T } )]: THEORY
BEGIN

wf_induction: LEMMA
(V (p: pred|[T]):
~ (@: T): (v (y: T): y < x mpLES p(y)) IMPLIES p(r)) IMPLIES
vV (z: T): p(x))

enD wf_induction
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measure_induction [T : TYPE, M : TYPE, m: [T — M } , <: (well_founded? [M } )]: THE-
ORY
BEGIN

measure_induction: LEMMA
(V (p: pred[T)):
~ (@: T): v (y: T): m(y) < m(r) ™MPLIES p(y)) IMPLIES p(x)) IMPLIES
vV (@: T): p(x))

END measure_induction
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epsilons [T : TYPE+] :

BEGIN
p: VAR pred [T]
x: VAR T

e(p): T

THEORY

epsilon_ax: axiom (3 z: p(x)) = pe(p))

END epsilons
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sets [T TYPE} . THEORY
BEGIN

set: TYPE = setof [T}

x, y: VAR T

a, b, c: vAr set

p: var PRED[T]

(x € a): bool = a(x)

empty?(a): bool = (V z: Nor (x € a))
@: set = {x | FALSE}

nonempty?(a): bool

NOT empty?(a)
nonempty_set: TYPE = (nonempty?)

full?(a): bool = (V z: (x € a))

fullset: set = {x | TRUE}

nontrivial?(a): bool = a # 0 & a # fullset
(@Cb): bool = (V z: (x€a) = (x€b))

(a C b): bool

(aCb) & a # b

(@Ub): set = {x | (r€a) or (z€D)}
(anb): set = {z | (r€a) aNDp (x €D)}
disjoint?(a, b): bool = empty?((a N b))

a: set = {x | Nor (x €a)}

(@\b): set = {x | (z €a) aND NoT (v €b)}

symmetric_difference(a, b): set = ((a\b) U (b\ a))
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every(p)(a): bool =V (z: (a)): p(z)
every(p, a): bool = V (z: (a)): p(z)
some(p)(a): bool = 3 (z: (a)): p(x)
some(p, a): bool = 3 (z: (a)): p()

singleton?(a): bool =

3 @: (@): ¢ y: (@): = = y)

singleton(x): (singleton?) = {y | y = x}

(aU{z}): (nonempty?) = {y | © = y orR (y€a)}
(a\{z}): set = {y | © # y AND (y€a)}
choose(p: (nonempty?)): (p)

choose_is_epsilon: axiom
YV (p: (nonempty?)): choose(p) = e(p)

the(p: (singleton?)): (p)
the_lem: LEMMA V (p: (singleton?)): the(p) = e(p)
the_prop: LEMMA V (p: (singleton?)): p(the(p))
singleton_elt(a: (singleton?)): T = the! x: (x € a)
CONVERSION+ singleton_elt
is_singleton: LEMMA

V oa:

(nonempty?(a) anp V x, y: a(xr) AND a(y) IMPLIES (z = y)) IMPLIES

singleton?(a)

singleton_elt_lem: LEMMA
singleton?(a) AND a(x) MPLIES singleton_elt(a) = x
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singleton_elt_def: LEMMA
singleton?(a) 1mpLIES singleton_elt(a) = choose(a)

singleton_singleton: LEMMA
singleton?(a) mMpLIES (3 z: a = singleton(z))

singleton_rew: LEMMA singleton_elt(singleton(z)) = =«
AUTO_REWRITE+ singleton_rew
rest(a): set =
1F empty?(a) THEN a ELSE (a \ {choose(a)}) ENDIF
setofsets: TYPE = setof [setof [TH
A, B: VAR setofsets
powerset(a): setofsets = {b | (bCa)}
UA: set = {z | 3 (a: (A): alx)}
NA: set = {z | V (a: (A): a(x)}
nonempty_singleton: JUDGEMENT (singleton?) SUBTYPE_OF (nonempty?)

nonempty_unionl : JUDGEMENT union(a: (nonempty?), b: set) HAS_TYPE
(nonempty?)

nonempty_union2: JUDGEMENT union(a: set, b: (nonempty?)) HAS_TYPE
(nonempty?)

END Sets
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sets_lemmas [T : TYPE]: THEORY
BEGIN

r, Yy: VAR T
a, b, c: VAR set[T}
A, B: var setofsets|T]

extensionality : LEMMA
%V z: (r€a) FF (z €D)) mrLES (¢ = D)

emptyset_is_empty?: LEMMA empty?(a) 1FF a = ()
empty_no_members: LEMMA NOT (x € @)

emptyset_min: remMMA (a C () mMpLIES @ = ()
nonempty_member: LEMMA nonempty?(a) 1FF 3 x: (x € a)
fullset_member: rLEmMA (z € fullset)

fullset_max: rLEmMA (fullset C a) mvpLiEs a = fullset
fullset_is_full?: rLemmMa full?(a) 1FF a = fullset
nonempty_exists: LEMMA nonempty?(a) 1FF 3 (z: (a)): TRUE
subset_emptyset: LemMA () C a)

subset_fullset: LEmmA (a C fullset)

subset_reflexive: LEmMmA (a C a)

subset_antisymmetric: LEMMA (a Cb) anp (b C a) IMPLIES @ = b

subset_transitive: LEMMA
(a Cb) anp (bCc¢) mmpLEs (a C c)

subset_partial_order: LEMMA partial_order?(subset?[T’])

subset_is_partial_order: JUDGEMENT subset? [T] HAS_TYPE
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(partial_order? [set [T} } )
strict_subset_irreflexive: LEMMA Not (a C a)

strict_subset_transitive : LEMMA
(a Cb) anp (b C c¢) mpLIES (a C c)

strict_subset_strict_order: LEMMA strict_order?(strict_subset? [T} )

strict_subset_is_strict_order: JUDGEMENT strict_subset? [T] HAS_TYPE
(strict_order? [set [T] ] )

union_idempotent: LEMMA (aUa) = a
union_commutative: LEMMA (aUb) = (bUa)
union_associative: LEMMA ((aUb)Uc) = (aU (bUc))
union_empty: LEMMA (aUf) = a

union_full: LEmMA (a U fullset) = fullset
union_subset]l : LEMMA (a C (a U b))

union_subset2: rLeMMA (a C b) mmpLIES (aUb) = b

subset_union: LEMMA
((aub) Cc) = ((aCc) anp (b Cc))

union_upper_bound: LEMMA
(aCc) anp (b Cc¢) mpLies ((aUb) Cc)

union_difference: rLemmA (aUb) = (aU (b\ a))
union_diff_subset: rEmmA (a Cb) mpLies (aU (b\a)) = b
intersection_idempotent: LEMMA (aNa) = a
intersection_commutative: LEMMA (aNb) = (bNa)

intersection_associative : LEMMA
((anb)ne) = (an(bne))
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intersection_empty: LEmMmA (aN @) = 0
intersection_full: LEmma (a N fullset) = a
intersection_subsetl : LEmmA ((aNb) C a)
intersection_subset2: LEMMA (a C b) mMPLIES (aNb) = a

intersection_lower_bound: LEMMA
(cCa) anp (¢ Cb) mpLies (¢ C (aNb))

distribute_intersection_union: LEMMA
(an(bUc)) = ((andb)U(anNc))

distribute_union_intersection: LEMMA
(aU(bne)) = ((aub)n(aUc))

complement_emptyset: Lemma ([T] = fullset
complement_fullset: LEMMA W =0
complement_complement: LEMMA a = a
complement_equal: LEMMA @ = b IFF a = b

subset_complement: Lemma (@ C b) 1FF (b C a)

demorganl: LEmMMA (aUb

~—
I

@nb)

demorgan2: remma (aNb) = (aUb)
difference_emptysetl : Ltemma (a\0) = a

difference_emptyset2: remma (0 \a) = 0

difference_fullsetl : Lemma (a \ fullset) = ()
difference_fullset2: remma (fullset\ a) = @
difference_intersection: Lemma (a\b) = (anb)
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difference_differencel : LEMMA

((@\b)\¢) = (a\(bUC))

difference_difference2: LEMMA

(@\(b\¢)) = ((a\b)U(anc)
difference_subset: rLEmmA ((a\ b) C a)
difference_subset2: Lemma (a C b) mpLiEs (a\b) = ()
difference_disjoint: LEmma disjoint?(a, (b\ a))
difference_disjoint2: rLemmA disjoint?(a, b) mpLES (a \b) = a

diff _union_inter: LEMMA

((aUb)\a) = (b\(anb))
nonempty_add: rLemmA NoT empty?((a U {z}))
member_add: LEmMMA (z € a) mmpLIES (aU {z}) = a

member_add_reduce: LEMMA
(x€(aU{y}) = (@ = y or (v €a))

member_remove: LEMMA NOT (x € a) mMpLIES (a\ {z}) = a

add_remove_member: LEMMA
(x € a) wrLes ((a\{z})U{z}) = a

remove_add_member: LEMMA
NoT (z € a) mpLiEs ((aU{z})\{z}) = a

subset_add: rLEmMA (a C (aU {zx}))

add_as_union: rEmMMA (aU{z}) = (a U singleton(z))
singleton_as_add: LeEmma singleton(z) = (0 U {x})
subset_remove: LEMMA ((a\ {z}) C a)
remove_as_difference: LEMMA

(a\ {z}) = (a singleton(x))
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remove_member_singleton: LEmma (singleton(x) \ {z}) = 0

choose_rest: LEMMA
NoT empty?(a) mMpLIES (rest(a) U {choose(a)}) = a

choose_member: LEMMA NoT empty?(a) MPLIES (choose(a) € a)

choose_not_member: LEMMA
NoT empty?(a) mMPLIES NoT (choose(a) € rest(a))

rest_not_equal: LEMMA NoT empty?(a) IMPLIES rest(a) # a
rest_member: LEMMA (x € rest(a)) IMPLIES (= € a)
rest_subset: LEmMMA (rest(a) C a)
choose_add: LEMMA

choose((a U {x})) = z or

(choose((a U {z})) € a)

choose_rest_or: LEMMA

(r € a) mpLES (x € rest(a)) orR = = choose(a)
choose_singleton: LEMMA choose(singleton(z)) = =z
rest_singleton: LEMMA rest(singleton(z)) = @[T]

singleton_subset: LEMMA (2 € a) 1FF (singleton(x) C a)
rest_empty_lem: LEMMA
NOT empty?(a) AND empty?(rest(a)) IMPLIES

a = extend [T, (a), bool, FALSE} (singleton(choose(a)))

singleton_disjoint: LEMMA
NoT (z € a) wpLies disjoint?(singleton(x), a)

disjoint_remove_left: LEMMA
disjoint?(a, b) wvpries disjoint?((a \ {z}), b)

disjoint_remove_right: LEMMA
disjoint?(a, b) wmvperies disjoint?(a, (b\ {z}))
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union_disj_remove_left: LEMMA
disjoint?(a, b) AND a(x) IMPLIES
((a\{z})ub) = ((aUb)\{z})
union_disj_remove_right: LEMMA
disjoint?(a, b) AND b(x) IMPLIES
(aU(d\{e}) = ((@Ud)\{z})
subset_powerset: LEMMA (a C b) 1FF (a € powerset(b))
empty_powerset: LEMMA empty?(a) IFF singleton?(powerset(a))

powerset_emptyset: LEmMMA () € powerset(a))

nonempty_powerset: JUDGEMENT powerset(a) HAS_TYPE
(nonempty? [set [T} } )

powerset_union: LEMMA [ Jpowerset(a) = a
powerset_intersection: LEMMA empty?([ | powerset(a))

powerset_subset: LEMMA
(a Cb) 1rr (powerset(a) C powerset(b))

Union_empty: LEMMA
empty?(| J A) 1FF empty?(A) or every(empty?)(A)

Union_full: LEMMA
full?2JA) rr (V z: 3 (a: (A): (x €a))

Union_member: LEMMA

(xelJA) rr 3 (a: (A): (z €a))
Union_subset: Lemma V (a: (A): (e CJA)

Union_surjective : JUDGEMENT Union HAS_TYPE
(surjective? [setofsets [T} , set [T} } )

Union_emptyset_rew: Lemma J0[set[T]] = 0

Union_union_rew: LEMMA
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nonempty?(A) IMPLIES
JA = (choose(A) U | Jrest(A))

Intersection_empty: LEMMA
empty?([) A) 1FF
~ z: 3 (a: (A): Not (z € a))

Intersection_full: rLemma full?(() A) 1FF every(full?)(A)

Intersection_member: LEMMA

(xeNA) r (¥ (a: (A): (z €a))
Intersection_empty_full : coroLLary full?(() () [set|T’]])

Intersection_surjective: JUDGEMENT Intersection HAS_TYPE
(surjective? [setofsets [T} , set [T} ] )

Intersection_intersection_rew: LEMMA
nonempty?(A) IMPLIES
(A = (choose(A) N[\rest(A))

Complement(A): setofsets [T} =
{a | 3 b: (A): a = b}

Complement_empty: LEMMA empty?(Complement(A)) 1FF empty?(A)
Complement_full: Lemma full?(Complement(A)) 1rr full?(A)
Complement_Complement: rEmMa Complement(Complement(A)) = A

subset_Complement: LEMMA
(Complement(A) C Complement(B)) 1r (A C B)

Complement_bijective: JUDGEMENT Complement HAS_TYPE
(bijective? [setofsets [T'], setofsets|[T]])

Demorganl : temma (JA = [ Complement(A)
Demorgan2: remma [|A = |JComplement(A)

END sets_lemmas
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function_inverse_def [D: TYPE, R: TYPE}: THEORY
BEGIN

d: varR D

r: VAR R

f: vAr [D — R}

g: VAR [R — D}

left_inverse?(g, f): bool = V d: g(f(d) = d
right_inverse?(g, f): bool = V r: f(g(r)) = r

inverse?(g, f): bool =
Vr: 3d: fd =1r) = f(gr) = r

left_inverse?(f)(g): MAcro bool = left_inverse?(g, f)
right_inverse?(f)(g): MAcro bool = right_inverse?(g, f)
inverse?(f)(g): MAcro bool = inverse?(g, f)
left_inverse_is_inverse: LEMMA
V f, (g: (N (9): left_inverse?(g, f))):
inverse?(g, f)
left_inj_surj: LEMMA
vV f, (g: (N (9): left_inverse?(g, f))):
injective?(f) AND surjective?(g)
inj_left_alt: LEMMA
V (f: (injective?[D, R])), (g: (A (9): inverse?(g, f)):
left_inverse?(g, f)
surj_inv_alt: COROLLARY
V (f: (injective?[D, R])), (g: (X (9): inverse?(g, f)):
surjective?(g)
injective_inverse_alt: LEMMA

V (f: (injective?[D, R])), (g: (A (9): inverse?(g, f)):
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r= fld = gr) =d

comp_inverse_left_inj_alt: LEMMA

V (f: (injective?[D, R])), (g: (XA (9): inverse?(g, f)):

g(f(d) = d

noninjective_inverse_exists: LEMMA

YV f: injective?(f) or (3 g: inverse?(g, f))

right_inverse_is_inverse: LEMMA

vV f, (g: (A (g): right_inverse?(g, [))):

inverse?(g, f)

right_surj_inj: LEMMA

V f, (g: (A (g9): right_inverse?(g, f))):

surjective?(f) AND injective?(g)

surj_right_alt: LEMMA

V (f: (surjective?[D, R])), (g:

right_inverse?(g, f)

inj_inv_alt: COROLLARY

V (f: (surjective?| D, R])), (g:

injective?(g)

surjective_inverse_alt: LEMMA

V (f: (surjective?[D, R])), (g:

gr) = d = r = f(d)

comp_inverse_right_surj_alt: LEMMA

V (f: (surjective?[D, R])), (g:

flgr) =r

surjective_inverse_exists: LEMMA

A (9):

A (9):

A (9):

A (9):

inverse?(g,

inverse?(g,

inverse?(g,

inverse?(g,

V (f: (surjective?[D, R]): 3 g: inverseXg, [)

left_right_bij: COROLLARY
vV frog:

right_inverse?(g, f) anp left_inverse?(g, f) =

bijective?(f) anD bijective?(g)

bij_left_right: coroLLARY
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V (f: (bijective?[D, R])), (g: (A (9): inverse?(g,
right_inverse?(g, f) anD left_inverse?(g, f)

bij_inv_is_bij_alt: COROLLARY

V (f: (bijective?[D, R])), (g: (A (9): inverse?(g,

bijective?(g)

bijective_inverse_alt: COROLLARY

V (f: (bijective?[D, R])), (g: (A (9): inverse?(g,

g(ry = d v v = f(d)

comp_inverse_right_alt: COROLLARY

V (f: (bijective?[D, R])), (g: (A (9): inverse?(g,

flg@r) =r

comp_inverse_left_alt: COROLLARY

V (f: (bijective?[D, R])), (g: (A (9): inverse?(g,

g(f(d)) = d

bijective_inverse_exists: LEMMA
V (f: (bijective?[D, R])):
existsl(A (¢): inverse?(g, f))

exists_invl : LEMMA
(3 g: TRUE) IFF

(3 (d: D): tRUE) OR (V (r: R):

exists_inv2: LEMMA

FALSE))

(3 (f: (surjective?[D, R])): TRUE) =

(3 (d: D): tRUE) or (V (r: R):

exists_inv3: LEMMA
(3 f: wor injective?(f)) =

(3 (d: D): tRUE) OR (V (r: R):

enND function_inverse_def

FALSE))

FALSE))

50

MN):

K

-

-

MN):



function_inverse [D: TYPE+, R: TYPE}: THEORY

BEGIN
r: VAR D
Yy: VAR R

f: var [D — R}
g: VAR [R — D}
inverse(f)(y): D = (¢! x: f(x) = y)

unique_bijective_inverse: JupGEMENT inverse(f: (bijective?[D, R|))(y) HAS_TYPE
{z: D | f(x) = y}

bijective_inverse_is_bijective : JUDGEMENT inverse(f: (bijective? [D, R} )) HAS_TYPE
(bijective?[R, D))

surjective_inverse: LEMMA
V (f: (surjective?[D, R])):
inverse(f)(y) = x mpLIES y = f(x)

inverse_surjective : LEMMA

V (f: (surjective?[D, R]): f(inverse(f)(y) = y
injective_inverse: LEMMA

vV (f: (injective?[D, R})):

y = f(x) mmpLIES inverse(f)(y) = x

inverse_injective : LEMMA
V (f: (injective?[D, R])): inverse(f)(f(z)) = =

bijective_inverse: LEMMA
V (f: (bijective?[D, R])):
inverse(f)(y) = = °F y = f(x)

bij_inv_is_bij: LEMMA bijective?(f) IMPLIES bijective?(inverse(f))

surj_right: LEMMA
surjective?(f) 1FF right_inverse?(inverse(f), f)
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inj_left: LEmMMA injective?(f) 1FF left_inverse?(inverse(f), f)
inj_inv: LEMMA surjective?(f) mMPLIES injective?(inverse(f))
surj_inv: LEMMA injective?(f) mMPLIES surjective?(inverse(f))

inv_inj_is_surj: JUDGEMENT inverse(f: (injective? [D, R} )) HAS_TYPE
(surjective?[R, D])

inv_surj_is_inj: JUDGEMENT inverse(f : (surjective?[D, R} )) HAS_TYPE
(injective?[R, D))

comp_inverse_right_surj: LEMMA
V (f: (surjective?[D, R]): f(inverse(f)(y) = y

comp_inverse_left_inj: LEMMA
V (f: (injective?[D, R])): inverse(f)(f(z)) = =

comp_inverse_right: LEMMA
V (f: (bijective?[D, R])): f(inverse(f)(y)) = y

comp_inverse_left: LEMMA
V (f: (bijective?|D, R])): inverse(f)(f(z)) = =

eND function_inverse
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function_inverse_alt [D: TYPE, R: TYPE}: THEORY
BEGIN

ASSUMING
inverse_types: ASSUMPTION
(4 (d: D): tRUE) OR (V (r: R): FALSE)

ENDASSUMING
d: VAR D
r: VAR R

f: var [D — R}
g: VAR [R — D}
inverses(f): TYPE+ = (A (g: [R — D}): inverse?(g, f))

inverse_alt(f): inverses(f) =
choose({g: inverses(f) | TRUE})

bijective_inverse_is_inverse_alt: COROLLARY
V (f: (bijective?|D, R])), (g: inverses(f)):

g = inverse_alt(f)

unique_bijective_inverse_alt: JUDGEMENT inverse_alt(f : (bijective?[D, R] N(r)
HAS_TYPE {d | f(d) = r}

bijective_inverse_alt_is_bijective: JUDGEMENT inverse_alt(f: (bijective?[D, R]))
HAS_TYPE (bijective? [R , D} )

inv_inj_is_surj_alt: JUDGEMENT inverse_alt(f: (injective? [D, R} )) HAS_TYPE
(surjective? [R, D})

inv_surj_is_inj_alt: JUDGEMENT inverse_alt(f : (surjective?[D, R} )) HAS_TYPE
(injective? [R, D})

END function_inverse_alt

53



function_image [D, R: TYPE}: THEORY
BEGIN

f: var [D — R]

z: VAR D

y: VAR R

X, Xi, Xy: var set[D]
Y, Vi, Ya: var set[R]

fun_exists: LEMMA
(3 y: TRUE) OR (NOoT d x: TRUE) IMPLIES (d f: TRUE)

image(f, X): set[R} =
{y: R | 3@ (@: (X): y = f(2)}

image(f)(X): set[R| = image(f, X)
inverse_image(f, Y): set[D} = {z: D | (f(x)eY)}
inverse_image(f)(Y): set[D] = inverse_image(f, Y)

image_inverse_image: LEMMA
(image(f, inverse_image(f, Y)) CY)

inverse_image_image: LEMMA
(X C inverse_image(f, image(f, X)))

image_subset: LEMMA
(X1 € Xy) mveries (image(f, X;) C image(f, X»))

inverse_image_subset: LEMMA
(Y1 CYs) 1MpLIES

(inverse_image(f, Y;) C inverse_image(f, Y3))

image_union: LEMMA
image(f, (X1UX,)) = (image(f, Xi)Uimage(f, X))

image_intersection: LEMMA
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(image(f, (X1 N Xy))C (image(f, X;)Nimage(f, X»)))

inverse_image_union: LEMMA
inverse_image(f, (Y1UY3)) =
(inverse_image(f, Y;)U inverse_image(f, Y5))

inverse_image_intersection: LEMMA
inverse_image(f, (Y1NY3)) =
(inverse_image(f, Y;) N inverse_image(f, Y5))

inverse_image_complement: LEMMA
inverse_image(f, Y) = inverse_image(f, Y)

END function_image
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function_props [Tl, Ty, 13: TYPE}: THEORY
BEGIN

x: var T
fi: var [T} — To]

fr var [Ty — T3]

X: var set[T}]

Ri: var PRED|[[T1]]
Ry: varR PRED|[T3]]
Ry: var PRED|[T3]]
fao fil@): Ty = fo(fi(2))

composition_injective : JupGeMeNt O(fo: (injective?|[Ty, T3]), fi: (injective?[T7, T3]))
HAS_TYPE (injective? [Tl , Tg] )

composition_surjective: JUDGEMENT O(fa: (surjective?[T5, T3)),
fi: (surjective? [T, T3)))
HAS_TYPE (surjective?[T, T3])

composition_bijective: JUDGEMENT O(fy: (bijective? [T 5, T 3}), fi: (bijective?[Tl, Tg]))
HAS_TYPE (bijective?[Tl, Tg])

image_composition: LEMMA
image(f,, image(fi, X)) = image(fao fi, X)

preserves_composition: LEMMA
preserves(f;, Ry, Rs) anp preserves(fs, Ry, R3) IMPLIES
preserves(f2 © fl ’ Rl ’ RB)

inverts_compositionl : LEMMA
preserves(fi, Ri, Rs) anp inverts(fy, Ry, Rs3) IMPLIES

inverts(fQ © fl ’ Rl ’ R3)

inverts_composition2 : LEMMA

inverts(f;, Ri, Rs) anp preserves(fz, R, R3) IMPLIES
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inverts(fs o f1,

END function_props

er
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function_props_alt[T 1, 15, Ty: 1YPE, Rj: PREDHTlﬂ , o PREDHT QH ,
Rs: PREDHT;;,H]: THEORY
BEGIN

composition_preserves: JUDGEMENT O(fy: (preserves [T 5, T3, R, Rg}),
fi: (preserves [Tl, T, Ry, R2j|))
HAS_TYPE (preserves [Tl, T3, Ry, Rg})

composition_invertsl : JupGeMeNT O(fy: (preserves|Ts, Ts, Rs, Rs)),
fie Gnverts[Ty, To, Ri, Rs)))
HAS_TYPE (inverts [Tl, 15, Ry, Rg})
composition_inverts2: JupGeMeNt O(fy: (inverts|T, T3, Ry, Rs)),
fi: (preserves [Tlr Ty, Ry, RQ}))

HAS_TYPE (inverts [Tl, T3, Ry, Rg})

END function_props_alt
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function_props2 [Tl, Ty, 15, Ty: TYPE}: THEORY
BEGIN

fi: var [Ty — T3]
fo: var [T, — T3]
fa: var [Ty — T
assoc: LEMMA (f3o fo)o fi = fyo(fao f1)

END function_props2
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relation_defs [Tl, T5: TYPE}: THEORY
BEGIN

R, S: var pred[[TQH

T: VAR 1)

y: VAR T

X: VAR set[Tl]

Y: var set[Tg}

domain?(R)(x: Ti): bool = 3 (y: Ty): R(x, y)
range?(R)(y: 13): bool = 3 (z: T1): R(z, vy)
domain(R): tyee = {z: T} | 3 (y: Ty): Rz, y)}
range(R): TypE = {y: To | 3 (z: Ty): Rz, yu)}
rinverse(R)(y, x): bool = R(xz, )
rcomplement(R)(z, y): bool = nNot R(x, vy)
runion(R, S)(x, y): bool = R(z, y) or S(z, )
rintersection(R, S)(z, y): bool = R(x, y) anp S(z, y)

image(R, X): set[T] =
{y: To | 3 (@: (X)): R(x, y)}

image(R)(X): set[Tg] = image(R, X)

preimage(R, Y): set[Tl} =
{x: Ty | 4 (y: Y): R, y}

preimage(R)(Y): set[Tl] = preimage(R, Y)

postcondition(R, X): set[T3| =
{y: To | 3 (x: (X)): Rz, y}
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postcondition(2)(X): set [T 2} = postcondition(Z, X)

precondition(R, Y): set[T}] =
{z: Ty | V (y: To | Rz, y): Yy

precondition(R)(Y): set [T 1} = precondition(z, Y')

converse(R): pred|[[T1]] =
A (y: Ty), (x: TV): Rz, y)

isomorphism?(R): bool =
3 (f: (bijective?[Tl, TQ})): R = graph(f))

total?(R): bool

Vi(x: Ty: 3 (y: To): Rz, y)

onto?(R): bool

Vy: T): 3 (@: T): Rz, y)

END relation_defs
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relation_props [T 1, 1y, Ts: TYPE] : THEORY
BEGIN

Ry: var pred[[Ty]]

Ry: var pred|[T3]]

z: var T}

y: var T

z: var Tj

RyoRy(x, 2): bool = 3 y: Ri(z, y) aND Ru(y, 2)

total_composition: LEMMA
total?(R;) & total?(R;) = total?(R; o Rs)

onto_composition: LEMMA
onto?(R;) & onto?(Ry) = onto?(R; o R»)

composition_total : JUDGEMENT O(R;: (total? [T 1, T 2}), Rs: (total? [TQ, Tg])) HAS_TYPE
(total?[Ty, T3))

composition_onto: JUpGEMENT O(R;: (onto?[Ty, T3]), Rs: (onto?[T, T3])) HAS_TYPE
(onto? [Ty, T3))

END relation_props
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relation_props2 [T 1, Ts, Ty, Ty: TYPE] : THEORY
BEGIN

Ry: var pred[[Ty]]
Ry: var pred|[T3]]
Ry: var pred[[T)]]
assoc: LEMMA (RjoRp)o Ry = Rio(Ryo Ry)

END relation_props2
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relation_converse_props [T : TYPE}: THEORY
BEGIN

reflexive_converse : JUDGEMENT converse(R: (reflexive?|[T'])) HAS_TYPE
(reflexive? [T] )

irreflexive_converse: JUDGEMENT converse(f: (irreflexive? [T } )) HAS_TYPE
(irreflexive? [T} )

symmetric_converse : JUDGEMENT converse(R : (symmetric?[T} )) HAS_TYPE
(symmetric? [T] )

antisymmetric_converse : JUDGEMENT converse(R: (antisymmetric?|[T'])) HAS_TYPE
(antisymmetric?[T'])

connected_converse: JUDGEMENT converse(/: (connected? [T] )) HAS_TYPE
(connected? [T} )

transitive_converse : JUDGEMENT converse(R: (transitive?|T])) HAS_TYPE
(transitive? [T'])

equivalence_converse: JUDGEMENT converse(/?: (equivalence? [T } )) HAS_TYPE
(equivalence?|[T'])

preorder_converse: JUDGEMENT converse(R: (preorder?|[T'])) HAS_TYPE
(preorder? [T} )

partial_order_converse: JUDGEMENT converse(R: (partial_order? [T] )) HAS_TYPE
(partial_order?[T])

strict_order_converse: JUDGEMENT converse(R: (strict_order? [T } )) HAS_TYPE
(strict_order? [T} )

dichotomous_converse : JUDGEMENT converse(R2: (dichotomous?[T'])) HAS_TYPE
(dichotomous?[T'])

total_order_converse: JUDGEMENT converse(R: (total_order? [T] )) HAS_TYPE
(total_order? [T] )

trichotomous_converse : JUDGEMENT converse(R : (trichotomous?[T] )) HAS_TYPE
(trichotomous? [T } )
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strict_total_order_converse: JUDGEMENT converse(R: (strict_total_order? [T] )) HAS_TYPE
(strict_total_order?[T"])

END relation_converse_props
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indexed_sets [index, T: TYPE}: THEORY
BEGIN

7: VAR index

x: VAR T

A, B: var [index — set[T]]

S: var set[T|

UA: set[T] = {z | 3 i: A@)(2)}

NA: set|T| = {z | V i: A@)(2)}

[Union_Union: remma (JA = [Jimage(A)(fullset [index])

IIntersection_Intersection: LEMMA
A = ()image(A)(fullset [index})

IUnion_union: LEMMA

UA i (AOUB®@®) = (UAUUB)

IIntersection_intersection: LEMMA

NAi: (ADNBG) = (NANNB)

IUnion_intersection: LEMMA

UXi: (A©HNS) = (JANS)

IIntersection_union: LEMMA

NN i: (AHUS) = (NAUS)

END indexed_sets
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operator_defs [T: TYPE}: THEORY
BEGIN

O, X: VAR [T, T—>T}
—: VAR [T — T]
r, Yy, zZ: VAR T

commutative?(0): bool =
~Y z, y: roy = youx)

associative?(0): bool =
~ z, y, z:
(xroy)oz = zwo(yoxz))
left_identity?(O)(y): bool = (V z: yox = x)
right_identity?(O)(y): bool = (V x: zoy = x)

identity?(O)(y): bool =
(Y z: Toy = x AND yoxr = IT)

has_identity?(O): bool = (3 y: identity?(O)(y))

zero?(O)(y): bool =
(Y x: xoy = y AND yox = y)

has_zero?(0): bool = (3 y: zero?(O)(y))

inverses?(O)(—)(y): bool =
(Y z: To—x = y AND (—x)ox = Y¥)

has_inverses?(O): bool = (4 —, y: inverses?(O)(—)(y))
distributive?(x, O): bool =
~; z, y, z:
rX(yoz) =

(z xy)o(r x2)

END operator_defs
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numbers: THEORY
BEGIN

number: TYPE+

END numbers
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number_fields: THEORY
BEGIN

number_field: TYPE+ FROM number

numfield: TYPE+ = number_field

number_field?(n: number): bool = number_field_pred(n)
nonzero_number: TYPE+ = {r: number_field | r # 0} CONTAINING 1
nznum: TYPE+ = nonzero_number

+, —, X: [numﬁeld, numfield — numﬁeld}

/: [numﬁeld, nznum — numﬁeld}

—: [numfield — numfield]

x, Yy, Z: VAR numfield

n0x: VAR nznum

commutative_add: POSTULATE x+y = y+ T

associative_add: POSTULATE
r+y+2) = @+y+=z2

identity_add: posTULATE = +0 = =
inverse_add: axiom z+ —x = 0
minus_add: AxioMm r—y = x+ —y
commutative_mult: AXIOM =z Xy = y X x

associative_mult: AXIoM

rX(yYxz) = (XY Xz
identity_mult: axiom 1 Xz = z
inverse_mult: axiom nOx x (1/n0x) = 1
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div_def: axiom y/n0x = y x (1/n0x)

distributive : POSTULATE
rxX(y+z) = (@xy+(@xz)

END number_fields
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realS: THEORY
BEGIN

R: tYyPE+ FrROM number_field

real?(n: number): bool = number_field_pred(n) anp real_pred(n)

Ro: TYPE+ {r: R | r # 0} CONTAINING 1

Rp: TYPE+ R

r, y: VAR R

n0z: var R

closed_plus: axiom real_pred(x + y)

closed_minus: axiom real_pred(z — y)

closed_times: axiom real_pred(z X y)

closed_divides: axiom real_pred(x/n0z)

closed_neg: axiom real_pred(—x)

real_plus_real_is_real: JUDGEMENT +(x, y) HAS_TYPE R
real_minus_real_is_real: JUDGEMENT —(z, y) HAS_TYPE R
real_times_real_is_real: JUDGEMENT X(x, y) HAS_TYPE R
real_div_nzreal_is_real: jupGemenT /(x, n0z) HAS_TYPE R
minus_real_is_real: JUDGEMENT —(x) HAS_TYPE R

<(x, vy): bool

<(x, y): bool =z < y oR x = y;

>(x, y): bool

I
<
N

xz;

>(z, y): bool = y

IN
8
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reals_totally_ordered: POSTULATE strict_total_order?(<)

END reals
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real_axioms: THEORY
BEGIN

x, Yy, Z: VAR R
n0x: varR Ry

posreal_add_closed: POSTULATE
x > 0 anp y > 0 mmPLIES £ +y > 0

posreal_mult_closed: axiom z > 0 anp y > 0 mMPLIES = Xy > 0
posreal_neg: POSTULATE x > (0 IMPLIES NOT —zx > ()
trichotomy: POSTULATE > 0 oR z = 0 orR 0 > =z

END real axioms
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bounded_real _defs: THEORY
BEGIN

x, y: VAR R
S': VAR (nonempty? [R])
upper_bound?(x, S): bool = V (s: (5): s < «x
upper_bound?(S)(x): bool = upper_bound?(x, S)
lower_bound?(z, S): bool =V (s: (9): =z < s
lower_bound?(S)(x): bool = lower_bound?(x, S)
least_upper_bound?(z, S): bool =
upper_bound?(x, S) AND
V y: upper_bound?(y, S) mpLEs (z < y)
least_upper_bound?(S)(x): bool = least_upper_bound?(x, S)
greatest_lower_bound?(x, S): bool =
lower_bound?(x, S) AND

V y: lower_bound?(y, S) mpLIES (y < )

greatest_lower_bound?(S)(x): bool =
greatest_lower_bound?(z, .5)

real_complete: axiom
vV S:
(3 y: upper_bound?(y, S)) IMPLIES
(3 y: least_upper_bound?(y, S))

real_lower_complete: LEMMA
vV S:
(3 y: lower_bound?(y, S)) IMPLIES
(3 x: greatest_lower_bound?(z, S5))

bounded_above?(S): bool

(3 z: upper_bound?(x, S))

bounded_below?(S): bool

(3 x: lower_bound?(xz, S5))
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bounded?(S): bool = bounded_above?(S) anp bounded_below?(.S)
bounded_set: TYPE = (bounded?)

SA: var (bounded_above?)

lub_exists: LEMMA (3 z: least_upper_bound?(x, SA))

lub(SA): {x | least_upper_bound?(x, SA)}

lub_lem: reEmma Iub(SA) = x 1FF least_upper_bound?(xz, SA)
SB: var (bounded_below?)

glb_exists: LEMMA (d x: greatest_lower_bound?(x, SB))
glb(SB): {x | greatest_lower_bound?(z, SB)}

glb_lem: rLemmaA glb(SB) = z 1FF greatest_lower_bound?(z, SB)

END bounded_real defs
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bounded_real_defs_alt [S: (nonempty? [R} )} : THEORY
BEGIN

r: VAR R

upper_bound?: [R — bool} = upper_bound?(.5)

lower_bound?: [R — bool] = lower_bound?(S)
least_upper_bound? : [R — bool] = least_upper_bound?(5)
greatest_lower_bound? : [R — bool] = greatest_lower_bound?(.5)

lub_is_upper_bound: jupGemEeNnT (least_upper_bound?) SUBTYPE_OF
(upper_bound?)

glb_is_lower_bound: JUDGEMENT (greatest_lower_bound?) SUBTYPE_OF
(lower_bound?)

eND bounded_real defs_alt
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real_types: THEORY

BEGIN
r: VAR R

R>o: TYPE+ = {2: R | 2 > 0} coNTAINING 0
R<p: TYPE+ = {2: R | 2 < 0} coNTAINING 0

R.g: TYPE+ {x: Rsp | = > 0} coNTAINING 1

R.g: TYPE+ {x: Ry | < 0} coNTAINING —1

Rzo . TYPE Rzo

R<p: 1YPE = R

posreal_is_nzreal: JUDGEMENT R, SUBTYPE_OF R
negreal_is_nzreal: JUDGEMENT R_o SUBTYPE_OF R
nzx, nzy: VAR Ry

pX, py: VAR Ry

nx, ny: VAR R_g

nnx, nny: VAR Ry

npx, npy: VAR Rqg

nonneg_real_add_closed: LEMMA nnx +nny > 0
nonpos_real_add_closed: rLEmMA npx +npy < 0
negreal_add_closed: LEMMA nx+ny < 0
nonneg_real_mult_closed: LEMMA nnx X nny > 0

nzreal_times_nzreal_is_nzreal : JUDGEMENT X(nzx, nzy) HAS_TYPE R_

nzreal_div_nzreal_is_nzreal: JUDGEMENT /(nzX, nzy) HAS_TYPE R

77



minus_nzreal_is_nzreal : JUDGEMENT —(nzX) HAS_TYPE R
nnreal_plus_nnreal_is_nnreal: JUDGEMENT -+(nnx, nny) HAS_TYPE Rxg
nnreal_times_nnreal_is_nnreal: JUDGEMENT X(nnx, nny) HAS_TYPE R>g
nnreal_div_posreal_is_nnreal: JUDGEMENT /(nnx, py) HAS_TYPE R
nnreal_div_negreal_is_npreal: JUDGEMENT /(nnx, ny) HAS_TYPE R«
npreal_plus_npreal_is_npreal: JUDGEMENT +(npx, npy) HAS_TYPE R
npreal_times_npreal_is_nnreal: JUDGEMENT X(npx, npy) HAS_TYPE Ry
npreal_div_posreal_is_npreal: JUDGEMENT /(npX, py) HAS_TYPE R
npreal_div_negreal_is_nnreal: JUDGEMENT /(npX, ny) HAS_TYPE R
posreal_plus_nnreal_is_posreal: JUDGEMENT —+(px, nny) HAS_TYPE R
nnreal_plus_posreal_is_posreal : JUDGEMENT +(nnx, py) HAS_TYPE R,
posreal_times_posreal_is_posreal : JUDGEMENT X(pX, py) HAS_TYPE R
posreal_div_posreal_is_posreal : JUDGEMENT /(pX, py) HAS_TYPE Ry
negreal_plus_negreal_is_negreal : JUDGEMENT +(nx, ny) HAS_TYPE R_g
negreal_times_negreal_is_posreal: JUDGEMENT X(nx, ny) HAS_TYPE R
negreal_div_negreal_is_posreal : JUDGEMENT /(nx, ny) HAS_TYPE R

END real_types
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rationals : THEORY
BEGIN

Q: TtypE+ FROM R

Q: tyeE+ = Q

rational?(n: number): bool =
number_field_pred(n) anp real_pred(n) anp rational_pred(n)

Qxo: TYPE+ {r: Q | r # 0} CONTAINING 1

Quo: tYPE+ = Q4

x, y: VAR Q

n0z: var Qo

closed_plus: axiom rational_pred(x + y)

closed_minus: axiom rational_pred(z — y)
closed_times: AxioM rational_pred(z X v)
closed_divides: axtom rational_pred(z/n0z)

closed_neg: axiom rational_pred(—x)
rat_plus_rat_is_rat: JUDGEMENT +(x, ¥y) HAS_TYPE Q
rat_minus_rat_is_rat: JUDGEMENT —(x, %) HAS_TYPE Q
rat_times_rat_is_rat: JUDGEMENT X(x, ¥) HAS_TYPE Q

rat_div_nzrat_is_rat: JUDGEMENT /(z, n0z) HAS_TYPE Q

minus_rat_is_rat: JUDGEMENT —(x) HAS_TYPE (Q

I
-~
-

()
<

Q>0: TYPE+ > 0} coNTAINING 0

[
—~
-

(=}
5

Q<o: TYPE+ < 0} conNTAINING 0
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Q>0 :
Qco:
@20 :

nnx,

npx,

TYPE+

TYPE+

TYPE+

TYPE+

{r: Q>0 | r > 0} coNTAINING 1
{r: Q< | r < 0} CONTAINING —1
Q>0

Q<o

nny: VAR Qg

npy: var Q<

px, py: varR Q.

nx, ny: varR Qg

n0x, nOy: var Qg

posrat_is_nzrat: JUDGEMENT Qs SUBTYPE_OF Q.

negrat_is_nzrat: JUDGEMENT Q.; SUBTYPE_OF Qg

nzrat_times_nzrat_is_nzrat: JUDGEMENT x(nOx, nOy) HAS_TYPE Q.

nzrat_div_nzrat_is_nzrat: JUDGEMENT /(nOx, nOy) HAS_TYPE Qo

minus_nzrat_is_nzrat: JUDGEMENT —(n0Ox) HAS_TYPE Qi

nnrat_plus_nnrat_is_nnrat: JUDGEMENT —+(nnx, nny) HAS_TYPE Q>
nnrat_times_nnrat_is_nnrat: JUDGEMENT X(nnx, nny) HAS_TYPE Q>
nnrat_div_posrat_is_nnrat: JUDGEMENT /(nnx, py) HAS_TYPE Q>
nnrrat_div_negrat_is_nprat: JUDGEMENT /(nnx, ny) HAS_TYPE Q<
nprat_plus_nprat_is_nprat: JUDGEMENT +(npx, npy) HAS_TYPE Q<g
nprat_times_nprat_is_nnrat: JUDGEMENT X(npX, npy) HAS_TYPE Q>

nprat_div_posrat_is_nprat: JUDGEMENT /(npx, py) HAS_TYPE Q<
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nprat_div_negrat_is_nnrat: JUDGEMENT /(npXx, ny) HAS_TYPE Qs
posrat_plus_nnrat_is_posrat: JUDGEMENT —+(pX, nny) HAS_TYPE Q-
nnrat_plus_posrat_is_posrat: JUDGEMENT —+(nnx, py) HAS_TYPE Q-
posrat_times_posrat_is_posrat: JUDGEMENT X(pX, py) HAS_TYPE Q-
posrat_div_posrat_is_posrat: JUDGEMENT /(pXx, py) HAS_TYPE Q-
negrat_plus_negrat_is_negrat: JUDGEMENT —+(nx, ny) HAS_TYPE Qg
negrat_times_negrat_is_posrat: JUDGEMENT X(nX, ny) HAS_TYPE Q.q
negrat_div_negrat_is_posrat: JUDGEMENT /(nx, ny) HAS_TYPE Qg

END rationals
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integers: THEORY
BEGIN

Z: TYPE+ FROM @
Z: TYPE+ = 7
integer?(n: number): bool =

number_field_pred(n) anp

real_pred(n) anp rational_pred(n) AND integer_pred(n)
nonzero_integer: TYPE+ = {i: Z | i # 0} CONTAINING 1
Zigo: TYPE+ = nonzero_integer
i, Jj: VAR Z
n0i, n0j: VAR Zg
closed_plus: axiom integer_pred(z + j)
closed_minus: axioMm integer_pred(z — j7)
closed_times: axioMm integer_pred(: X j)
closed_neg: axioMm integer_pred(—z)
upfrom(z): TYPE+ = {s: Z | S > i} CONTAINING 1
above(?): TYPE+ = {s: Z | S > %} CONTAINING %+ 1
int_plus_int_is_int: JUDGEMENT +(i, j) HAS_TYPE Z
int_minus_int_is_int: JUDGEMENT —(%, Jj) HAS_TYPE Z
int_times_int_is_int: JUDGEMENT X(i¢, J) HAS_TYPE Z
minus_int_is_int: JUDGEMENT —(¢) HAS_TYPE Z
minus_nzint_is_nzint: JUDGEMENT —(n0i) HAS_TYPE Z

N: type+ = {2: Z | © > 0} cONTAINING 0
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Zigo: TYPE+ = {1: Z | @ < 0} cONTAINING 0
Nyg: TYPE+ = {i: N | 7 > 0} CONTAINING 1

Zico: TYPE+ = {i: Zyy | © < 0} CONTAINING —1

Nyg: TYPE+ [\

nni, nnj: var N

npi, npj: VAR Zy

T, Ppj: VAR Nyg

ni, nj: VAR Z.g

posint_is_nzint: JUDGEMENT Ny, SUBTYPE_OF Z.

negint_is_nzint: JUDGEMENT Z., SUBTYPE_OF Zi.z
nzint_times_nzint_is_nzint: JUDGEMENT X(nOi, n0j) HAS_TYPE Z
nnint_plus_nnint_is_nnint: JUDGEMENT +(nni, nnj) HAS_TYPE N
nnint_times_nnint_is_nnint: JUDGEMENT X(nni, nnj) HAS_TYPE N
npint_plus_npint_is_npint: JUDGEMENT -(npi, npj) HAS_TYPE Z.g
npint_times_npint_is_nnint: JUDGEMENT X(npi, npj) HAS_TYPE N
posint_plus_nnint_is_posint: JUDGEMENT +(7, nnj) HAS_TYPE Nyg
nnint_plus_posint_is_posint: JUDGEMENT -(nni, pj) HAS_TYPE Ny
posint_times_posint_is_posint: JUDGEMENT X (7, Pj) HAS_TYPE N.g
negint_plus_negint_is_negint: JUDGEMENT +(ni, nj) HAS_TYPE Z_
negint_times_negint_is_posint: JUDGEMENT X(ni, nj) HAS_TYPE Ny

subrange(z, j): TYPE = {k: Z | @« < k anD k < j}
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even?(z): bool = 4 j: ¢ = j x2

odd?(z): bool = 4 j: + = 7 x2+1

even_int: TYPE+ = (even?) CONTAINING ()

odd_int: TYPE+ = (0dd?) conTAINING 1

e1, €2: VAR even_int

01, O2: VAR odd_int

odd_is_nzint: JUDGEMENT odd_int SUBTYPE_OF Z.
even_plus_even_is_even: JUDGEMENT —(ej, €3) HAS_TYPE even_int
even_minus_even_is_even: JUDGEMENT —(eq, €5) HAS_TYPE even_int
odd_plus_odd_is_even: JUDGEMENT (01, 02) HAS_TYPE even_int
odd_minus_odd_is_even: JUDGEMENT —(07, 09) HAS_TYPE even_int
odd_plus_even_is_odd: JUDGEMENT (01, €3) HAS_TYPE odd_int
odd_minus_even_is_odd: JUDGEMENT —(07, €3) HAS_TYPE odd_int
even_plus_odd_is_odd: JUDGEMENT —+(e;, 03) HAS_TYPE odd_int
even_minus_odd_is_odd: JUDGEMENT —(e;, 03) HAS_TYPE odd_int
even_times_int_iS_even: JUDGEMENT X(ej;, ¢) HAS_TYPE even_int
int_times_even_is_even: JUDGEMENT X(¢, €3) HAS_TYPE even_int
odd_times_odd_is_odd: JUDGEMENT X(07, 09) HAS_TYPE odd_int
minus_even_is_even: JUDGEMENT —(e;) HAS_TYPE even_int
minus_odd_is_odd: JUDGEMENT —(0;) HAS_TYPE odd_int

END integers
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naturalnumbers: THEORY
BEGIN

N: tyre = N

N: 1ypE+ = N

i, 7, k: vAR N

n: VAR Nyg

upfrom_nat_is_nat: JUDGEMENT upfrom(z) SUBTYPE_OF N
upfrom_posnat_is_posnat: JUDGEMENT upfrom(n) SUBTYPE_OF Ny
above_nat_is_posnat: JUDGEMENT above(i) SUBTYPE_OF N
subrange_nat_is_nat: JUDGEMENT subrange(i, j) SUBTYPE_OF N

subrange_posnat_is_posnat: JUDGEMENT subrange(n, j) SUBTYPE_OF N

upto(z) : TYPE+ {s: N | s < 7} CONTAINING 1%

below(i): TYPE {s: N | s < 1}

succ(?): N = 7+1

pred(z): N = 1F ¢ > 0 THEN ¢ — 1 ELSE (0 ENDIF;
~(t, 7): N =1F ¢ > jJ THEN ¢ —j ELSE ( ENDIF
wf_nat: axiom well_founded?(\ i, j: 2 < j)

p: VAR pred [N]

nat_induction: LEMMA
(p(0) anp (V j: p(j) MPLIES p(j + 1))) IMPLIES
(V iz p(3))

NAT induction: LEMMA
<% g: Vv k: k < j wpues p(k)) IMPLIES p(j)) IMPLIES
vV i: p(a))
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even_nat: TYPE+ = {7 | even?(i)} CONTAINING 0

even_posnat: TYPE+ = {n | even?(n)} CONTAINING 2
odd_posnat: TYPE+ = {n | odd?(n)} CONTAINING 1
even_negint: TYPE+ = {n: Z.y | even?(n)} CONTAINING —2
odd_negint: TYPE+ = {n: Z.y | odd?(n)} CONTAINING —1
T: VAR Z

even_or_odd: THEOREM even?(x) IFF NoT odd?(x)
odd_iff_not_even: LEMMA odd?(x) 1FF NoT even?(x)
even_iff_not_odd: LEmMMA even?(x) 1FF NoT odd?(x)
odd_or_even_int: LEMMA odd?(x) or even?(x)
odd_iff_even_succ: remMma odd?(z) 1FF even?(x + 1)
even_iff _odd_succ: reEmMma even?(x) 1FF odd?(z + 1)
even_plusl: LEMMA even?(z) IFF NoT even?(x + 1)
odd_plusl: rLEmmaA odd?(x) 1FF Nor odd?(z + 1)
even_div2: LEMMA even?(z) IMPLIES integer_pred(x/2)
odd_div2: remma odd?(x) mvpLies integer_pred((z — 1)/2)

END naturalnumbers
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min_nat [T: TYPE FROM N]: THEORY
BEGIN

S': VAR (nonempty? [T})

a, Tr: VAR T

min(S): {a | S(a) anp (V z: S(r) mmpLiEs a < )}
minimum?(a, S): bool = S(a) anp (V z: S(r) mMpLIES a < T)

min_def: LEMMA
V (S: (nonempty?[T])): min(S) = a 1¥F minimum?(a, S)

END min_nat
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real_defs: THEORY
BEGIN

m, m: VAR R
sgn(m): Z = 1F m > 0 THEN 1 ELSE —1 ENDIF

m|: {n: Rsg | n > m aND n > —m} =
IF m < 0 THEN —m ELSE ' ENDIF

nonzero_abs_is_pos: JUDGEMENT abs(z: R._,) HAS_TYPE
{y: Roo | y > x}

rat_abs_is_nonneg: JUDGEMENT abs(q: Q) HAS_TYPE {r: Q>¢ |

nzrat_abs_is_pos: JUDGEMENT abs(q: Qo) HAS_TYPE {7: Q.o |

int_abs_is_nonneg: JUDGEMENT abs(¢: Z) HAS_TYPE {j: N | j > 4}

nzint_abs_is_pos: JUDGEMENT abs(i: Z.y) HAS_TYPE {j: Nyg |

max(m, n): {p: R | p > m aNxp p > n} =
IF m < 7 THEN N ELSE M ENDIF

min(m, n): {p: R | p < m axp p < n} =
IF m > n THEN n ELSE M ENDIF

nzreal_max: JUDGEMENT max(z, ¥y: Ryy) HAS_TYPE
{z: Ryg | 2 2 x AND 2 > y}

nzreal_min: JUDGEMENT min(z, ¥: Ry) HAS_TYPE
{z: Ry | 2 < o aNp 2 < y}

nonneg_real_max: JUDGEMENT max(z, y: Rs() HAS_TYPE
{z: Ry | 2 > z AND 2z > y}

nonneg_real_min: JUDGEMENT min(z, y: R>g) HAS_TYPE
{z: Ry | 2 < 2z avD 2z < y}

posreal_max: JUDGEMENT max(z, ¥y: Rsg) HAS_TYPE
{z: Rag | 2z > o AND 2z > y}
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posreal_min: JUDGEMENT min(x, y: R.y) HAS_TYPE
{z: Ryg | 2z < z anD 2z < y}

rat_max: JUDGEMENT max(q, 7: Q) HAS_TYPE
{s: Q | s > qgaAND s > 1}

rat_min: JUDGEMENT min(q, 7: Q) HAS_TYPE
{s: Q | s < qganNDp s < r}

nzrat_max: JUDGEMENT max(q, 7: Q.y) HAS_TYPE
{s: Qu | s 2 q aNvp s > 1}

nzrat_min: JUDGEMENT min(q, 7: Q4y) HAS_TYPE
{s: Qe | s < g axp s <1}

nonneg_rat_max: JUDGEMENT max(q, 7: @Qs() HAS_TYPE
{s: Q>0 | s > q AND 5 > 7}

nonneg_rat_min: JUDGEMENT min(q, 7: Qs¢) HAS_TYPE
{s: Q> | s < q aND s < 7}

posrat_max: JUDGEMENT max(q, 7: Qo) HAS_TYPE
{s: Qs | s > q AND 5 > 7}

posrat_min: JUDGEMENT min(q, 7r: Q-¢) HAS_TYPE
{s: Qs0 | s < g anp 5 < 71}

int_max: JUDGEMENT max(z, j: 7Z) HAS_TYPE
{k: Z | + < k anp 5 < k}

int_min: JUDGEMENT min(z, j: 7Z) HAS_TYPE
{k: Z | Kk < i avp kK < 7}

nzint_max: JUDGEMENT max(iz, j: Ziy) HAS_TYPE
{k: Zy | © < k anp 5 < K}

nzint_min: JUDGEMENT min(z, j: Zg) HAS_TYPE
{k: Zyo | kK < i anp k < j}

nat_max: JUDGEMENT max(z, j: N) HAS_TYPE
{k: N | « <k avw 57 < k}
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nat_min: JUDGEMENT min(z, j: N) HAS_TYPE
{k: N | k<17 avp k < j}

posint_max: JUDGEMENT max(iz, j: Nsg) HAS_TYPE
{k: Nyg | « < k anp 5 < k}

posint_min: JUDGEMENT min(i, j: Nsg) HAS_TYPE
{k: Nyg | £ < i axp k < j}

a, b, c: varR R

min_le: LEMMA min(a, b) < ¢ 1¥F (a < ¢ orR b < ¢)
min_It: LEMMA min(a, b) < ¢ 1FF (@ < ¢ OR b < ¢)
min_ge: LEMMA min(a, b) > ¢ IFF (@ > ¢ AND b > ¢)
min_gt: LEMMA min(a, b) > ¢ 1FF (@ > ¢ AND b > ¢)
le min: tEMMA a < min(b, ¢) IFF (a < b aNnD a < ¢)
It_min: LtEMMA a < min(b, ¢) IFF (¢ < b AND a < c¢)
ge_min: LEMMA a > min(b, c¢) IFF (@ > b OR a > c¢)
gt_min: LEMMA a > min(b, ¢) IFF (@ > b OR a > ¢)
max_le: LEMMA max(a, b) < c 1FF (@ < ¢ AND b < ¢)
max_lt: LEMMA max(a, b) < ¢ 1FF (@ < ¢ AND b < ¢)
max_ge: LEMMA max(a, b) > c 1FF (@ > ¢ OR b > ¢)
max_gt: LEMMA max(a, b) > ¢ 1FF (@ > ¢ OR b > ¢)
le max: LEMMA a < max(b, ¢) IFF (¢ < b orR a < ¢)
It_max: LEMMA a < max(b, ¢) 1IFF (@ < b OR a < ¢)
ge_max: LEMMA a > max(b, ¢) 1FF (@ > b AND a > c¢)

gt_max: LEMMA a > max(b, c¢) 1IFF (@ > b AND a > ¢)
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END real defs
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real_props: THEORY
BEGIN

w, x, Yy, Z: VAR R

nOw, nOx, nOy, nOz: var R

nnw, nnx, nny, nnz: VAR Ry

PW, PX, Py, pPZ: VAR Ry

npw, npx, npy, npz: VarR Rq

nw, nx, ny, nz: VAR R_g

inv_ne_0: remMa 1/n0x # 0

both_sides_plusl: LEMMA (z+2 = y+2) IFF £ = ¥y
both_sides_plus2: LEMMA (2 +2 = 2+Yy) IFF * = ¥y
both_sides_minusl: LEMMA (z —2 = y —2) IFF * =
both_sides_minus2: LEMMA (z —x = z—y) IFF * =

both_sides_timesl : LEMMA
(xrxn0z = yxnlz) IFF * = y

both_sides_times2: LEMMA
M0z xx = n0zxy) IFF £ = y

both_sides_divl: remma (x/n0z = y/n0z) /¢ z = y

both_sides_div2: LEMMA
(n0z/n0x = n0z/n0y) 1FF nOx = nOy

times_plus: LEMMA
(x+y x(z+w) =
TXZ+rXWHYXz+yXw
times_divl : LEMMA

x X (y/n0z) = (z x y)/n0z
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times_div2: LEMMA
(x/n0z) x y = (z x y)/n0z

div_times: LEMMA

(x/n0x) x (y/n0y) =
(x X y)/(n0x x n0Oy)

div_eq_zero: Lemma z/n0z = 0 IFF =

div_simp: remma nOx/nOx = 1
div_cancell : rLemmA 10z x (z/n0z)

div_cancel2: remma (z/n0z) x n0z

div_cancel3: rLemma z/n0z = y IFF x

div_cancel4: rLemma x = y/n0z 1FF z X n0z

cross_mult: LEMMA
(x/n0x = y/n0y) 1FF
(z xn0y = y x n0x)

add_div: LEMMA

(x/n0x) + (y/n0y) =
(x x n0y + y x n0x)/(n0x x nOy)

minus_divl : LEMMA
(x/n0x) — (y/n0y) =
(x x n0y — y x n0x)/(n0x x nQy)

minus_div2: LEMMA
(x/n0x — y/n0x) = (x — y)/n0x

div_distributes: LEMMA
(x/n0z) + (y/n0z) = (z + y)/n0z

div_distributes_minus: LEMMA
(x/n0z) — (y/n0z) = (z — y)/n0z

div_divl : LEMMA
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(x/(m0y/n0z)) = ((x x n0z)/n0y)

div_div2: LEMMA

((z/n0y)/n0z) = (z/(m0y x n0z))

idem_add_is_zero: LEMMA =z +x = x IMPLIES x = 0
zero_timesl: LEMMA Oxz = 0

zero_times2: LEMMA z X (0 = 0

zero_times3: LEMMA Xy = 0 1IFF £ = 0 orR y = 0
neg_times_neg: LEMMA (—x) X (—y) = x Xy
zero_is_neg zero: LEMMA —(0 = 0

strict_It: LEMMA strict_total_order?(<)
trich_It: LteEMMA © < y OR 2 = y OR y < X
tri_unique_Itl: LEMMA = < y IMPLIES (¥ # ¥y AND NOT (y < x))

tri_unique_It2: LEMMA
r = Yy IMPLIES (NOT (¥ < y) AND NoOT (y < 1))

zero_not_It_zero: LEMMA NoT 0 < 0
neg It: temMa 0 < —x 1FF = < 0
pos_times_lt: LEMMA
0 < x Xy IFF
(0O < xanp 0 < y)or (x < 0 aND y < 0)
neg_times_lt: LEMMA
r Xy < 0 IFF
0O < xanpD y < 0)or (x < 0 anp 0 < 9)

quotient_pos_It: Formura 0 < 1/n0Ox 1FF 0 < nOx

quotient_neg_lIt: rFormura 1/n0x < 0 1FF n0x < 0
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pos_div_It: LEMMA
0 < z/n0y 1FF
(0O < xz anp 0 < n0y) orR (x < 0 anDp nOy < 0)

neg_div_It: LEMMA
z/n0y < 0 IFF
(0O < z anp n0y < 0) orR (x < 0 anp 0 < n0Qy)

div_mult_pos_Itl : LEMMA
z/py < x IFF z < T X py

div_mult_pos_It2: LEMMA
xr < z/py IFF x Xpy < =z

div_mult_neg_lItl : LEMMA
z/ny < x IFF x Xny < z

div_mult_neg_It2: LEMMA
r < z/ny FF z < x Xny

both_sides_plus_Itl: LEMMA
r+z < y+z IFF ¢ < Y

both_sides_plus_It2: LEMMA
z+r < z4+y FF x < Y

both_sides_minus_Itl: LEMMA
r—z < yYy—2z IFF © < ¥

both_sides_minus_It2: LEMMA
z—r < 22—y IFF y < T

both_sides_times_pos_Itl: LEMMA
TXpz < YXpzZz IFF x < ¥y

both_sides_times_pos_It2: LEMMA
pzxzx < pzXy IFF © < ¥y

both_sides_times_neg_ltl: LEMMA
TXNZ < yXnz IFF y < &

both_sides_times_neg 1t2: LEMMA
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nZxXxr < nZxXy IFF §y < T

both_sides_div_pos_Itl : LEMMA
x/pz < y/pz F xz < y

both_sides_div_pos_It2: LEMMA
pz/px < pz/py IFF py < px

both_sides_div_pos_It3: LEMMA
nz/px < nz/py IFF px < py

both_sides_div_neg_Itl: LEMMA
x/nz < y/nz 1¥F y < x

both_sides_div_neg_It2: LEMMA
pz/nx < pz/ny 1FF ny < nx

both_sides_div_neg 1t3: LEMMA
nz/nx < nz/ny IFF nx < ny

It_plus_Itl: LEMMA
z < Yy AND 2 < w IMPLIES T+2 < y—+w

It_plus_It2: LEMMA
T < Yy AND 2 < w IMPLIES T+ 2 < y+w

It_minus_Itl: LEMMA
T < y AND w < 2 IMPLIES T —2 < Y —W

It_minus_It2: LEMMA
T < y AND w < 2 IMPLIES T —2 < Yy — W

It_times_It_posl: LEMMA
px < y AND nnz < w IMPLIES pX X nnz < Yy X w

It_times_lIt_pos2: LEMMA
nnx < y AND pz < w IMPLIES NnX X pz < Y X w

It_div_It_posl: LEMMA
px < y AND pz < w IMPLIES pX/w < y/pz

It_div_lt_pos2: LEMMA
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nnx < y AND pz < w IMPLIES nnx/w < y/pz

It_times_It_negl: LEMMA
z < ny AND z < npw IMPLIES Ny X npw < T X 2

It_times_It_neg2: LEMMA
x < npy AND 2z < nw IMPLIES Npy X nW < T X 2

It_div_It_negl: LEMMA
r < ny AND z < NW IMPLIES ny/z < x/nw

It_div_lt_neg2: LEMMA
x < npy AND z < nw IMPLIES npy/z < z/nw

total_le: rLEMMA total_order?(<)
dich_le: temma 2 < y orR ¥y <
zero_le_zero: LEmMmA 0 < 0
neg le: temmMa 0 < —z FF ¢ < 0
pos_times_le: LEMMA

0 < Xy IFF

O < xaw 0 <y or (x <0 ap y < 0)
neg_times_le: LEMMA

rxy < 0 IFF

O < axzavp y <0 or (x <0 avp 0 < g)
quotient_pos_le: rormura 0 < 1/n0x 1FF 0 < nOx
quotient_neg_le: rormura 1/n0x < 0 1FF n0x < 0
pos_div_le: LEMMA

0 < z/n0y IFF

(O <z avp 0 < n0y) orR (z < 0 anp n0y < 0)
neg_div_le: LEMMA

< 0 I1FF
T

x/n0y
0 < AND N0y < 0) or (x < 0 anp 0 < nOy)
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div_mult_pos_lel : LEMMA
z/py < x 1¥F z < T X py

div_mult_pos_le2: LEMMA
x < z/py IFF £ Xpy < 2

div_mult_neg_lel : LEMMA
z/ny < z 1FF zXny < z

div_mult_neg_le2: LEMMA
r < z/ny FF z < x Xny

both_sides_plus_lel: rLEmmA
r4+2z < y+z wr x < ¥y

both_sides_plus_le2: LEmMMA
z4+z2 < z+y FF x < gy

both_sides_minus_lel: rEMMA
r—2 < y—z 1FF z < ¥y

both_sides_minus_le2: LEMMA
z—r < z—y FF y < x

both_sides_times_pos_lel : LEMMA
TXpz < yxpz 1fFF x <y

both_sides_times_pos_le2: LEMMA
pzxx < pzXy IFF © <y

both_sides_times_neg_lel: LEMMA
zXnz < yxnz 1IfFF y < T

both_sides_times_neg _le2: LEMMA
nzZxx < nzxy 1 y < x

both_sides_div_pos_lel : LEMMA
x/pz < y/pz vk x <y

both_sides_div_pos_le2: LEMMA
pz/px < pz/py 1FF py < pX
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both_sides_div_pos_le3: LEMMA
nz/px < nz/py 1FF px < py

both_sides_div_neg_lel: LEMMA
z/nz < y/nz wF y < x

both_sides_div_neg_le2: LEMMA
pz/nx < pz/ny 1FF ny < nx

both_sides_div_neg_le3: LEMMA
nz/nx < nz/ny 1FF nx < ny

le_plus_le: LEMMA
z < y AND 2 < w IMPLIES £ +2 < y+w

le_minus_le: LEMMA
z < y AND w < 2 IMPLIES T —2 < y—w

le_times_le_pos: LEMMA
nnx < y AND nnz < w IMPLIES nnx X nnz < y X w

le_div_le_pos: LEMMA
nmx < y anp pz < w mpLIES nnx/w < y/pz

le_times_le_neg: LEMMA
z < npy AND z < npw IMPLIES npy X npw < x X 2

le_div_le_neg: LEMMA
x < npy AND z < nw IMPLIES npy/z < z/nw

strict_gt: LEMMA strict_total_order?(>)
trich_gt: LEMMA £ > yy OR £ = y OR Yy > T
tri_unique_gtl: LEMMA = > y IMPLIES (¥ # Yy AND NOT (y > X))

tri_unique_gt2: LEMMA
r = y IMPLIES (NOT (¥ > y) AND NoT (y > T))

zero_not_gt_zero: LEMMA Not 0 > 0

neg gt: LeMMA 0 > —z 1FF © > 0
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pos_times_gt: LEMMA
xxy > 0 IFF
(O >2 axp 0 > y) orR (x > 0 anDp y > 0)

neg_times_gt: LEMMA

0 > x Xy IFF

O >2 avp y > 0) or (x > 0 anp 0 > y)
quotient_pos_gt: FormurLA 1/n0x > 0 1FF nOx > 0
quotient_neg_gt: FormuLA 0 > 1/n0x 1Fr 0 > nOx
pos_div_gt: LEMMA

xz/n0y > 0 IFF

(O > 2 anp 0 > nOy) orR (x > 0 anp nOy > 0)
neg_div_gt: LEMMA

0 > x/n0y 1FF

(O > x anp n0y > 0) orR (x > 0 anp 0 > nOy)

both_sides_plus_gtl : LEMMA
r+z > Yy+z IFF £ > Y

both_sides_plus_gt2: LEMMA
Z+xT > z+y IFF T > Y

both_sides_minus_gtl : LEMMA
r—2z > yYy—Z IFF T > U

both_sides_minus_gt2: LEMMA
Zz—x > zZ—YyY IFF y > X

both_sides_times_pos_gtl : LEMMA
TXPZ > YyXpz IFF T > Y

both_sides_times_pos_gt2: LEMMA
pzXxXx > pzXYy IFF T > ¥y

both_sides_times_neg_gtl : LEMMA
TXNZ > yXnz IFF y > T
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both_sides_times_neg_gt2: LEMMA

nZxXax > nzxXy IFF §y > &

both_sides_div_pos_gtl: LEMMA
x/pz > y/pz FF x > y

both_sides_div_pos_gt2: LEMMA
pz/px > pz/py IFF py > px

both_sides_div_pos_gt3: LEMMA
nz/px > nz/py IFF px > py

both_sides_div_neg_gtl : LEMMA
x/nz > y/nz ¥F y > x

both_sides_div_neg_gt2: LEMMA
pz/nx > pz/ny IFF ny > nx

both_sides_div_neg_gt3: LEMMA
nz/nx > nz/ny IFF nx > ny

gt_plus_gtl : LEMMA
T > Yy AND 2z > W IMPLIES

gt_plus_gt2: LEMMA
T > Y AND 2 > W IMPLIES

gt_minus_gtl : LEMMA
T > Yy AND w > 2z IMPLIES

gt_minus_gt2: LEMMA
T > Y AND W > 2z IMPLIES

gt_times_gt_posl: LEMMA

T+ z

xr—+z

> y+w

> y+w

T 2 Py AND Zz > nnw IMPLIES Z X 2 > py X nnw

gt_times_gt pos2: LEMMA

X > nny AND z > PW IMPLIES Z X 2z > Nny X pw

gt_div_gt_posl: LEMMA

T > py AND z > pW IMPLIES Z/pw > py/z
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gt_div_gt_pos2: LEMMA
X > nny AND z > pW IMPLIES x/pw > nny/z

gt_times_gt_negl: LEMMA
nX > Yy AND npz > w IMPLIES ¥ X w > NX X Npz

gt_times_gt neg2: LEMMA
npx > ¥ AND NZ > w IMPLIES ¥ X w > NpX X Nz

gt_div_gt_negl: LEMMA
nX > y AND Nz > w IMPLIES y/nz > nx/w

gt_div_gt_neg2: LEMMA
npx > y AND Nz > w IMPLIES y/nz > npx/w

total_ge: LEMMA total_order?(>)
dich_ge: LEMMA = > y OR y > =
zero_ge_zero: LEmMMA 0 > 0
neg ge: LEMMA 0 > —xz 1FF z > 0
pos_times_ge: LEMMA

xr Xy > 0 IFF

O >2 a0 0 > y) or (x > 0 anD y > 0)
neg_times_ge: LEMMA

0 > Xy IFF

(O >2x anp y > 0) or (x > 0 anD 0 > y)
quotient_pos_ge: FOrRMULA 1/n0x > 0 1FF nOx > 0
quotient_neg_ge: FormurLA 0 > 1/n0x 1FF 0 > nOx
pos_div_ge: LEMMA

x/n0y > 0 IFF

(O > 2 anp 0 > n0y) orR (x > 0 anp nOy > 0)
neg_div_ge: LEMMA

0 > x/n0y IFF
(O > x anp n0y > 0) orR (x > 0 anp 0 > nOy)
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div_mult_pos_gel: LEMMA
zZ/py > x IFF z > T X py

div_mult_pos_ge2: LEMMA
x > z/py IFF T Xpy > 2

div_mult_neg_gel: LEMMA
z/ny > x IFF x Xny > z

div_mult_neg_ge2: LEMMA
xr > z/ny IFF z > x X ny

both_sides_plus_gel: LEMMA
r+z 2 y+z IFF x > ¥y

both_sides_plus_ge2: LEMMA
z4+x > z+y IFF x > ¥y

both_sides_minus_gel: LEMMA
T—2 2 Yy—=z IFE T 2> Y

both_sides_minus_ge2: LEMMA
Z—% 2> z—Y IFF §y > X

both_sides_times_pos_gel : LEMMA
TXPZ > YXpz IFF £ > Y

both_sides_times_pos_ge2: LEMMA
pzXxz = pzXy IFF £ > Y

both_sides_times_neg_gel: LEMMA
TXNZ > YXNZ IFF §y > T

both_sides_times_neg_ge2: LEMMA
nZxx > nzZzxXy IFF y > &

both_sides_div_pos_gel: LEMMA
x/pz > y/pz FE x >y

both_sides_div_pos_ge2: LEMMA
pz/px > pz/py IFF py > px
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both_sides_div_pos_ge3: LEMMA
nz/px > nz/py IFF px > py

both_sides_div_neg_gel: LEMMA
x/nz > y/nz 1 y > x

both_sides_div_neg ge2: LEMMA
pz/nx > pz/ny IFF ny > nx

both_sides_div_neg_ge3: LEMMA
nz/nx > nz/ny IFF nx > ny

ge_plus_ge: LEMMA
T 2> Yy AND 2 2> w IMPLIES T+ 2 > y+w

ge_minus_ge: LEMMA
T 2> Y AND W 2> Z IMPLIES T —2 2> Yy — W

ge_times_ge_pos: LEMMA
T 2> nny AND z > nnw IMPLIES x X 2 > NNy X nnw

ge_div_ge_pos: LEMMA
x > nny AND z > pW IMPLIES Z/pw > nny/z

ge_times_ge_neg: LEMMA
npx > Yy AND NpzZ > w IMPLIES Y X W > NpX X Npz

ge_div_ge_neg: LEMMA
npx > y AND Nz > w IMPLIES y/nz > npx/w

nonzero_timesl: LEMMA nOx Xy = 0 1FF y = 0
nonzero_times2: LEMMA x XnQy = 0 1FF * = 0
nonzero_times3: LEMMA nOx X n0y = (0 IFF FALSE
eql_gt: ForRmMuLA = > 1 AND = Xy = 1 mMPLIES y < 1
eql_ge: FormMuLA = > 1 AND z Xy = 1 mpLIES y < 1

eqml_gt: FORMULA
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r > 1 aAND z Xy = —1 mMPLIES y > —1

eqml_ge: FORMULA
x > 1 AaND 2 Xy = —1 mpLIES y > —1

eqml_lIt: ForRMULA
r < —1 AND z Xy = —1 mmpPLIES §y < 1

eqml_le: FORMULA
r < —1 AND 2 Xy = —1 mpLiEs y < 1

sqrt_1: LEMMA x Xx = 1 IFF £ = 1 OR = =
sqrt_1_It: LEMMA x Xz < 1 mpLES |z| < 1
sqrt_1_le: temmAa z xz < 1 mvpues |z| < 1
idem mult: LeEMMA 2 Xx = x IFF £ = (0 OR ¥
i, j: VAR Z
product_1: LEMMA

t > 0 aND 7 > 0 AND ¢ X j = 1 IMPLIES

t =1 axp 7 =1
product_ml: LEMMA

t > 0 avp 7 < 0 AND 4 X j = —1 IMPLIES

1 =1 aND j = —1

triangle: LEMMA |z +y| < |z|+ |y

abs_mult: LEMMA |z X y| = |z| X |y
abs_div: LEmMMA |z/nOy| = |z|/|nOy|
abs_abs: LEMMA ||z|| = |z]

abs_square: LEMMA |z X z| = = X x

abs_limits: LEMMA
—(Jz|+|y) < z+y anD
r+y < |z]+ |yl
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axiom_of_archimedes: LEmMa V (x: R): 3 (i: Z): =z < 1

archimedean: LEMMA
V (px: Rog): 3 (n: Nyg): 1/n < px

real It _is_strict_total order: JUDGEMENT < HAS_TYPE
(strict_total_order?[R])

real_le_is_total_order: JUDGEMENT < HAS_TYPE (total_order? [R])

real_gt_is_strict_total_order: JUDGEMENT > HAS_TYPE
(strict_total_order?[R])

real_ge_is_total_order: JUDGEMENT > HAS_TYPE (total_order? []R})

END real_props
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extra_real_props: THEORY
BEGIN

w, x, Yy, Z: VAR R

nOw, nOx, nOy, nOz: var R

nnw, nnx, nny, nnz: VAR Ry

PW, PX, py, pz: VAR R.g

npw, npx, npy, npz: VAR Rqg

nw, nx, ny, nz: VAR R_g

pos_neg_split: LEMMA 3 px, nx: nOx = px orR n0x = nx

div_mult_pos_neg Itl: LEMMA
z/n0y < z IFF
IF n0y > 0
THEN z < z X nOy
ELSE = X n0y < z
ENDIF

div_mult_pos_neg_It2: LEMMA
r < z/n0y IFF
IF n0y > 0
THEN = X nly < z
ELSE 2z < x X nQy
ENDIF

div_mult_pos_neg_lel : LEMMA
z/n0y < x IFF
1IF n0y > 0
THEN 2z < x X nQy
ELSE = X n0y < 2
ENDIF

div_mult_pos_neg le2: LEMMA
x < z/n0y IFF
IF n0y > 0
THEN = X nly < 2
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ELSE z < x X nQy
ENDIF

div_mult_pos_neg_gtl : LEMMA
z/n0y > x IFF
IF n0y > 0
THEN 2z > x X n(Qy
ELSE x X n0y > =z
ENDIF

div_mult_pos_neg_gt2: LEMMA
x > z/n0y IFF
1IF n0y > 0
THEN z X nQy > z
ELSE z > x X nQy
ENDIF

div_mult_pos_neg_gel: LEMMA
z/n0y > x IFF
IF n0y > 0
THEN z > x X nQy
ELSE = X n0y > z
ENDIF

div_mult_pos_neg_ge2: LEMMA
x > z/n0y I1FF
IF n0y > 0
THEN = X nQy > =z
ELSE z > x X nQy
ENDIF

both_sides_times_pos_neg_ltl : LEMMA
IF n0z > 0
THEN = X n0z < y X n0z
ELSE y X n0z < x X n0z
ENDIF
IFF © < ¥

both_sides_times_pos_neg_lt2: LEMMA
IF n0z > 0
THEN n0z X ¢ < n0z X y
ELSE n0z X y < n0z X =
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ENDIF
IFF z < Yy

both_sides_times_pos_neg_lel : LEMMA
IF n0z > 0
THEN = X n0z < y X n0z
ELSE y X n0z < x X n0z
ENDIF
IFF v < y

both_sides_times_pos_neg_le2: LEMMA
IF n0z > 0
THEN n0z x r < n0z X y
ELSE n0z X y < n0z X x
ENDIF
IFF v < y

both_sides_times_pos_neg_gtl: LEMMA
IF n0z > 0
THEN z X n0z > y x n0z
ELSE y X n0z > x X n0z
ENDIF
IFF © > ¥

both_sides_times_pos_neg_gt2: LEMMA
1IF n0z > 0
THEN n0z X z > n0z X y
ELSE N0z X y > n0z X z
ENDIF
IFF T > Uy

both_sides_times_pos_neg_gel: LEMMA
IF n0z > 0
THEN x X n0z > y X n0z
ELSE y X n0z > x X n0z
ENDIF
IFF T 2> Y

both_sides_times_pos_neg_ge2: LEMMA
IF n0z > 0
THEN n0z x z > n0z X y
ELSE n0z X y > n0z X x
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ENDIF
IFF T 2>

both_sides_div_pos_neg_Itl : LEMMA
IF n0z > 0
THEN 2/n0z < y/n0z
ELSE y/n0z < z/n0z
ENDIF
IFF T < ¥y

both_sides_div_pos_neg_It2: LEMMA
IF n0z > 0
THEN n0z/px < nOz/py
ELse n0z/py < n0z/px
ENDIF
IFF py < pX

both_sides_div_pos_neg_It3: LEMMA
iF n0z > 0
THEN n0z/nx < n0z/ny
eLse n0z/ny < n0z/nx
ENDIF
IFF ny < nx

both_sides_div_pos_neg_lel : LEMMA
IF n0z > 0
THEN x/n0z < y/n0z
ELSE y/n0z < x/n0z
ENDIF
IFF v < y

both_sides_div_pos_neg_le2: LEMMA
IF n0z > 0
THEN n0z/px < n0z/py
eLse n0z/py < n0Oz/px
ENDIF
IFF py < pX

both_sides_div_pos_neg_le3: LEMMA
iF n0z > 0
THEN n0z/nx < n0z/ny
eLse n0z/ny < n0Oz/nx
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ENDIF
IFF ny < nx

both_sides_div_pos_neg_gtl: LEMMA
IF n0z > 0
THEN 2/n0z > y/n0z
ELSE y/n0z > xz/n0z
ENDIF
IFF T > Uy

both_sides_div_pos_neg_gt2: LEMMA
IF n0z > 0
THEN n0z/px > nOz/py
eLse n0z/py > n0z/px
ENDIF
IFF py > pX

both_sides_div_pos_neg_gt3: LEMMA
iF n0z > 0
THEN n0z/nx > n0z/ny
eLse n0z/ny > n0z/nx
ENDIF
IFF ny > nx

both_sides_div_pos_neg_gel: LEMMA
IF n0z > 0
THEN x/n0z > y/n0z
ELSE y/n0z > x/n0z
ENDIF
IFF T > ¥y

both_sides_div_pos_neg_ge2: LEMMA
IF n0z > 0
THEN n0z/px > n0z/py
eLse n0z/py > n0Oz/px
ENDIF
IFF py > pX

both_sides_div_pos_neg_ge3: LEMMA
iF n0z > 0
THEN n0z/nx > n0z/ny
eLse n0z/ny > n0z/nx
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ENDIF
IFF ny > nx

both_sides_times1_imp: LEMMA
T = y IMPLIES T X W = Yy X W

both_sides_times2_imp: LEMMA
T = Yy IMPLIES W X T = w XY

both_sides_times_pos_lel_imp: LEMMA
z < y IMPLIES z X nnw < y X nnw

both_sides_times_pos_le2_imp: LEMMA
z < gy IMPLIES nnw X z < nnw X y

both_sides_times_neg _lel_imp: LEMMA
y < T IMPLIES = X npw < y X npw

both_sides_times_neg_le2_imp: LEMMA
y < z IMPLIES npw X r < npw X y

both_sides_times_pos_gel_imp: LEMMA
T 2> Yy IMPLIES T X nnwW > Yy X NOW

both_sides_times_pos_ge2_imp: LEMMA
T 2> Yy IMPLIES NnwW X T > nnw X y

both_sides_times_neg_gel_imp: LEMMA
Yy 2 T IMPLIES T X NpwW > Yy X npw

both_sides_times_neg_ge2_imp: LEMMA
Yy 2> T IMPLIES Npw X T > npw X ¥y

both_sides_times_pos_neg_lel_imp: LEMMA

z < Yy IMPLIES
IFw > 0

THEN T X w < ¢y Xw
ELSE y X w < T X W
ENDIF

both_sides_times_pos_neg_le2_imp: LEMMA

z < Yy IMPLIES
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IFw > 0

THEN W X < w Xy
ELSE W Xy < WX T
ENDIF

both_sides_times_pos_neg_gel_imp: LEMMA
T > Yy IMPLIES
IFw > 0
THEN T X W 2> Yy Xw
ELSE Yy X W 2> T X W
ENDIF

both_sides_times_pos_neg_ge2_imp: LEMMA
T > Yy IMPLIES
IFw > 0
THEN W X T 2> W XY
ELSE W XY 2> WXT

ENDIF

zero_times4: LEMMA 0 = Xy IFF ¢ = 0 OR y =
times_div_cancell : Lemma (n0z X z)/n0z = x
times_div_cancel2: rLEmmA (z X n0z)/n0z = =z

div_mult_pos_gtl: LEMMA z/py > x IFF

N

> T X py
div_mult_pos_gt2: LEMMA x > z/py IFF = X py > 2
div_mult_neg_gtl: LEMMA z/ny > z IFF z Xny > 2
div_mult_neg_gt2: LEMMA = > z/ny IFF z > x X ny
It_cut: LtEMMA © < y AND y < 2z IMPLIES T < 2
le_ cut: LEmmMa © < y AND ¥y < 2 IMPLIES = < 2
gt_cut: LEMMA T > y AND Yy > Z IMPLIES T > Z
ge_cut: LEMMA & > ¢y AND ¥y > z IMPLIES T > 2

le_times_le_anyl : LEMMA
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IFw > 01w x>0
THEN IF y > 0 1FF 2 > 0
THEN |w| < |y| anp |z| < |z|

ELSE (w = 0 oR z = 0) aND (y = 0 orR 2 = 0)
ENDIF
ELSE IF y > 0 1FF 2z > 0
THEN TRUE
ELSE |w| > |y| anDp |z] > |z
ENDIF
ENDIF
IMPLIES W X T < Yy X 2
ge_times_ge_anyl: LEMMA
IFy > 01FF 2z >0
THEN IF w > 0 1IFF > 0
THEN |w| > |y| anp |z| > |z|
ELSE (w = 0 oR z = 0) aND (y = 0 orR 2 = 0)
ENDIF
ELSE IF w > 0 IFF z > 0
THEN TRUE
eLsE |w| < |y| anp |z| < |z
ENDIF

ENDIF
IMPLIES W X T 2> Y X 2

It_times_lt_anyl : LEMMA
IFw =0o0rR 2z =0
THEN 0 < y aND 0 < 2 OR ¥y < 0 AND 2 < 0
ELSIF w > 0 1FF z > 0
THEN (y > 0 1FF 2z > 0) AND
(ol < Jyl axp |z < || or
jw| < ly| anp [z < |z))
ELSIF y > 0 IFF 2 > ( THEN TRUE
ELSE |w| > |y| aND |z| > |z| or
w| > [yl Ao o] > |2]

ENDIF
IMPLIES W X < Y X 2

gt_times_gt_anyl: LEMMA
IFy =0o0rR 2z =0
THEN 0 < w aND 0 < 2z oR w < 0 AND z < 0

ELSIF y > 0 1FF 2 > 0
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THEN (w > 0 1FF & > () AND
(wl = [yl avo [2] > |2 o
jwl > [y| anp |z| = [z[)
ELSIF w > 0 1°FF x > ( THEN TRUE
ELSE |w| < |y| anp |z| < |z| oR
jwl < [y anp |z| < |z|
ENDIF
IMPLIES W X T > Y X 2

le_times_le_any2: LEMMA
wXx < Yy X2z IMPLIES
IFy =0o0rR 2 =0
THEN (0 > w orR 0 > z) anD (w > 0 orR z > 0)
ELSIF y > 0 1FF 2 > 0
THEN (w > 0 1FF & > () IMPLIES
(lw| < |y| or |z] < |z]) anD
(w| < Iyl ok || < [2])
ELSE NoT (w > 0 1 z > () AND
(lw| > |y| or |z| > |z|) anD
(Jw[ = [y| or |z| > |z])
ENDIF

ge_times_ge_any2: LEMMA
WX T > Yy Xz IMPLIES
IFw =0o0rR 2z =0
THEN (0 > y oR 0 > 2) aND (y > 0 OrR z > 0)
ELSIF w > 0 1FF 2z > ()
THEN (y > 0 1FF 2z > () IMPLIES
(lw] > |y| or |z| > |z|) anD
(lw| = [yl or [z] > [z])
ELSE NOoT (y > 0O 1FF 2z > () AND
(lw] < [yl or |z| < [z]) anp
(wl < Jyl or |2] < |])
ENDIF

It_times_lIt_any2: LEMMA
w X x < Y X 2z IMPLIES
Fy > 01w z >0
THEN IF w > 0 1FF ¢ > 0
THEN |w| < |y| or |z| < |7]
ELSE (w # 0 aND z # 0) orR (y # 0 anDp 2z # 0)

ENDIF

115



ELSE NoT (w > 0 1 = > () AND
(lw| > ly| or [z] > |z])
ENDIF

gt_times_gt_any2: LEMMA
w X x > Yy X z IMPLIES
IFw > 01w x>0
THEN IF y > 0 1FF 2 > 0
THEN |w| > |y| or |z| > |7]

ELSE (w # 0 aAND = # 0) orR (y # 0 anDp 2z # 0)
ENDIF

ELSE NoT (y > 0 1FF z > () AND
(lw] < ly[ or |z| < [z]

ENDIF

END extra_real_props
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extra_tegies : THEORY
BEGIN

x, y: VAR R

n0z: var R

neg mult: LEMMA —x Xy = —(x X y)
mult_neg: LEMMA = X —y = —(T X )
neg add: LEMMA —z+y = y—=x
add_neg: 1EMMA =+ —y = x —y
neg_div: temma —x/n0z = —(x/n0z)
div_neg: LEmMMA z/—n0z = —(z/n0z)
one_times: ILEMMA 1l X1 = x
neg_one_times: LEMMA —1 Xz = —x
zero_div: remma 0/n0z = 0
neg_neg: LEMMA ——2% = &

END extra_tegies

117



rational_props: THEORY
BEGIN

x, y: VAR R
1: VAR Z
n0j: VAR Zy

p: VAR Nyj

r: vaR Q
rational_pred_ax: axiom 3 i, nOj: r = i/n0j
rational_pred_ax2: temma 3 i, p: r = i/p

density_positive : LEMMA
0 <z AND x < y WMPLIES (I 7: © < r AND 1 < Y)

density: LEMMA x < y IMPLIES (4 r: = < r AND 7 < ¥)

END rational_props
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integer_props: THEORY
BEGIN

m, m: VAR N

i, J, k: VAR Z

n0j: VAR Zy

N: vaAr (nonempty? [N})

I: var (nonempty? [Z])

integer_pred_ax: LEMMA d n: ¢ = n OR © = —Nn

div_simple: LEMMA
(3 k: i = kxn0j) = integer_pred(i/n0j)

lub_nat: LEMMA
upper_bound?(m, extend[R, N, bool, FaLsE](}N)) =
d (n: (N)):
least_upper_bound?(n, extend [R, N, bool, FALSE} (N))

lub_int: LEMMA
upper_bound?(i, extend[R, Z, bool, FraLse](])) =

3G (D))
least_upper_bound?(j, extend []R, 7., bool, FALSE} ()

glb_nat: LEMMA
d (n: (N)):
greatest_lower_bound?(n, extend [R, N, bool, FALSE} (N))

glb_int: LEMMA
lower_bound?(i, extend[R, Z, bool, raLse|(])) =
3 G: U):
greatest_lower_bound?(j, extend []R, Z, bool, FALSE} (D))

END integer_props
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floor_ceil: THEORY
BEGIN

x, y: VAR R

py: var Ry

Jj: VAR nonzero_integer

i, k: VAR Z

floor_exists: Lemma 3 i: 1 < z & = < i+1
ceiling_exists: LEMMA J 1: =z < 1 & 1 < x+1
lz]: {0 | i<z &2 <itl}

fractional(z): {z | 0 < z & =z < 1} = z— |z]
[x]: {0 | = < i & i< z+1}

floor_def: temma |z| < =z & = < |z]+1
ceiling def: remma z < [z] & [z] < z+1
floor_ceiling_reflectl : Lemma |—z] = —[z]
floor_ceiling_reflect2: rLemmaA [—z] = —|z]
nonneg_floor_is_nat: JUDGEMENT floor(z: Rs>() HAS_TYPE N

nonneg_ceiling_is_nat: JUDGEMENT ceiling(z: Rs>() HAS_TYPE N

floor_int: LEMMA |i] = i
ceiling_int: LEMMA [i] = ¢
floor_plus_int: LEMMA |z +i] = |z] +i
ceiling_plus_int: LEMMA [z +i] = [z] 41

floor_ceiling_nonint: LEMMA
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NotT integer?(z) = [x] — |z] = 1
floor_ceiling int: rLEMmA |i] = [i]

floor_neg: LEMMA
lz] =
IF integer?(x)
THEN —|—1]
ELSE —|—z| —1
ENDIF

real_parts: LEMMA x = |z + fractional(x)

floor_plus: LEMMA

[z +y] =
|x] + |y] + [fractional(x) 4 fractional(y)|

ceiling_plus: LEMMA
[z+y] =
|z| + |y] + [fractional(x) + fractional(y)]
floor_split: LemmaA ¢ = |i/2] + [i/2]
floor_within_1: LemmA z — [z] < 1

ceiling_within_1: temma [z] —2 < 1

floor_val: LEMMA
t > kxj aND 7 < (k+1)X j IMPLIES

li/i] =k

floor_small: LEMMA
li| < |j| mMPLIES
li/j] =

IF i/j > 0 THEN 0 ELSE —1 ENDIF
floor_eq_ 0: temMmaA |[z] = 0 mvpLiEs £ > 0 anD =z < 1
fractional_plus: LEMMA

fractional(xz + y) =
fractional(fractional(x) + fractional(y))
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floor_div: LEMMA
x/py| = i wr
pyxi < x AND = < py X (1 + 1)

floor 0: temmA |[z] = 0 FF 0 < z AND o < 1

enND floor_ceil
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exponentiation: THEORY

BEGIN
r: vaAR R
q: var Q

nnq: VAR Q>g

m, m: VAR N

pm, pn: var Ny

i, J: VAR Z

n0i, n0j: VAR Zg

x, y: VAR R

pX, py: var Ry

n0x, nOy: var R

gtlx, gtly: var {r: Ryy | r > 1}
Itlx, Itly: var {r: Ryy | r < 1}

gelx, gely: var {r: Ryg | 7 > 1}
lelx, lely: var {r: Ryg | » < 1}

RECURSIVE R = 1T n = 0 THEN 1 ELSE 7 X "~ ! ENDIF

MEASURE 7N,

r’

expt_pos_aux: LEMMA px" > 0
expt_nonzero_aux: LEMMA nOx" # 0;
nnreal_expt: JUDGEMENT expt(z: Rso, n: N) Has_TYPE R

posreal_expt: JUDGEMENT expt(z: R.p, n: N) Has_TYPE R
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nzreal_expt: JUDGEMENT expt(z: Ry, n: N) HAS_TYPE R
rat_expt: JUDGEMENT expt(r: Q, n: N) HAS_TYPE QQ
nnrat_expt: JUDGEMENT expt(z: sz n: N) HAS_TYPE on
posrat_expt: JUDGEMENT expt(x: Qsg, n: N) HAS_TYPE Q¢
int_expt: JUDGEMENT expt(r: Z, n: N) HAS_TYPE Z
nat_expt: JUDGEMENT expt(z: N, n: N) HAs_TYPE N
posnat_expt: JUDGEMENT expt(z: Nyg, n: N) Has_TYPE Ny

T'Ri:{i:Z|T¢O°RiZO}'R—

IF ¢ > 0 THEN 7’ ELSE 1/r~' ENDIF
expt_pos: LEMMA px’' > 0
expt_nonzero: LEMMA nOx' # 0

nnreal_exp: JUDGEMENT Nz: Rsg, 4: Z | © # 0 or ¢ > () HAS_TYPE
RZO

posreal_exp: JUDGEMENT Nz: R.o, i: Z) HAS_TYPE R
nzreal_exp: JUDGEMENT "x: Ry, t: Z) HAS_TYPE R

rat_exp: JUDGEMENT Mz: Q, ¢: Z | = # 0 or ¢ > () HAS_TYPE

Q

nnrat_exp: JUDGEMENT Mx: Qsg, ¢: Z | x # 0 or ¢ > () HAS_TYPE

Q>0
posrat_exp: JUDGEMENT Nz : Qs¢, i: 7Z) HAS_TYPE Qg
int_exp: JUDGEMENT N(z: Z, n: N) HAS_TYPE Z
nat_exp: JUDGEMENT z: N, n: N) HAs_TYPE N

posint_exp: JUDGEMENT Mx: Nyg, n: N) HAS_TYPE Ny
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expt_x0_aux: remma 20 = 1
expt_x1_aux: LEmMMA 2! = x
expt_In_aux: rLemma 1" = 1
increasing_expt_aux: LEMMA gtIx™"? > gtlx
decreasing_expt_aux: LEMMA ItIx™"? < Itlx
expt_l_aux: LEmMmA px"™' = 1 F px = 1

expt_plus_aux: LEMMA
n0x"*" = n0x™ x nOx™

expt_minus_aux: LEMMA
m > n mpLIEs nOX"" = nOx™/nOx"

expt_times_aux: LEMMA nOx™*" = nOx™"

expt_divide_aux: LEMMA
1/n0x™*" = 1/n0x™"

both_sides_exptl_aux: LEMMA
px™* = px"" wF m = n or px = 1

both_sides_expt2_aux: LEMMA pxP" = pyP" IFF px = py

both_sides_expt_pos_It_aux: LEMMA
px™t < py™ FF px < py

both_sides_expt_gtl_lIt_aux: LEMMA
gtlx™™ < otlx™™ mE m < n

both_sides_expt_It1_lt_aux: LEMMA
It1x™ < 1t1x"™ wmr n < m

both_sides_expt_pos_le_aux: LEMMA
pXm—I-l S pym—l-l IFF px S py

both_sides_expt_gtl_le_aux: LEMMA
gtlx™ < gtlx™™ mE om < n
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both_sides_expt_It1_le_aux: LEMMA
It1x™ ! < 1tIx"™ e n < m

both_sides_expt_pos_gt_aux: LEMMA
px™*t > py™* 1 px > py

both_sides_expt_gtl_gt_aux: LEMMA

gtlx™ > otlx"™t wmE m > n

both_sides_expt_lIt1_gt_aux: LEMMA
It1x™ > 1t1x"™ we n > m

both_sides_expt_pos_ge_aux: LEMMA
px™*t > py™™' 1 px > py

both_sides_expt_gtl_ge_aux: LEMMA
gtlx™ > otlx™™ wE m > n

both_sides_expt_It1_ge_aux: LEMMA
It1x™ ™t > 1t1x"™ we n > m

expt_of_mult: LEMMA
Xyt = 2" xy"

expt_of_div: LEMMA
z/n0y" = x™/n0y"

expt_of_inv: remma 1/n0x" = 1/n0x"

expt_of_abs: LEmma |z|" = |z"|

abs_of_expt_inv: LEMMA
|1/n0x"| = 1/|n0x\"

expt_x0: Lemma 20 = 1
expt_x1: Lemma z! =
expt_x2: LEMMA 7° = 1 X T
expt_x3: LEMMA 2% = o X T X
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expt_x4: LEMMA 7' = s X o X1 XT
expt_li: rLemma 1° = 1
expt_eq_0: LEMMA 2P = 0 1FF © = 0
expt_plus: LEMMA

n0x“t =

n0x* x nOx’

expt_times: LEMMA .
n0x>? = (n0x?)’

expt_inverse: LEMMA
n0x""? = 1/(n0x")

expt_div: LEMMA
n0x'/n0x’ =

nOx@—9

both_sides_exptl : LEMMA

px" = px" 1rF n0i = n0j or px = 1

both_sides_expt2: LEmma px"" = py"™ 1rF px = py
b: var above(1)
pos_expt_gt: LEMMA n < b"

expt_gel: Lemma 0" > 1

both_sides_expt_pos_lt: LEMMA
pxP™ < pyP"™ 1FF px < py

both_sides_expt_gtl_lt: LEMMA
gtlx’ < gtlx! 1FF 7 < j

both_sides_expt_Itl_It: LEMMA
Itix* < Itlx) FF j < 1

both_sides_expt_pos_le: LEMMA
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pxP" < py?™ 1F px < py

both_sides_expt_gtl_le: LEMMA
gtlx’ < gtlx! wr ¢ <

both_si.des_expt_‘ltl_le: LEMMA
Itix* < 1tlx? wF j < 1¢

both_sides_expt_pos_gt: LEMMA
pxP™ > pyP™ 1FF px > py

both_sides_expt_gtl_gt: LEMMA
gtlx’ > gtlx! 1FF ¢ > j

both_sides_expt_{ltl _gt: LEMMA
Itix" > 1tlx) wr j > i

both_sides_expt_pos_ge: LEMMA
pxP™ > py?™ IFF px > py

both_sides_expt_gtl_ge: LEMMA
gtlx’ > gtlx) 1FF @ >

both_sides_expt_ltl_ge: LEMMA
Itix* > 1tlx) FF j > 1

expt_gtl_pos: LEMMA gtIxP™" > gtlx
expt_gtl_neg: rEmma gtlx"P™ < 1
expt_gtl_nonpos: remma gtlx™"™ < 1

mult_expt: LEMMA
(n0x x n0y)* = nOx" x nOy"

div_expt: LEMMA . .
(n0x/n0y)" = nOx’/n0y’

inv_expt: LEMMA
(1/n0x)" = 1/n0x’

abs_expt: LEMMA |nOx|' = |nOX’|
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abs_hat_nat: rLemma |z|" = |27
expt_minus]_abs: LEmma [(—1)'| = 1

even_ml_pow: LEMMA even?(i) IMPLIES (-1 =1

not_even_ml_pow: LEMMA
Not even?(i) mMpLIES (—1)" = —1

expt_ltl_boundl: remma lt1x" < 1

expt_ltl_bound2: remma 1t1x” < 1

expt_gtl_boundl: remma 1 < gtIx"

expt_gtl_bound2: remma 1 < gtIx™

large_expt: LEmMmA 1 < px mmpuiEs (V py: 3 n: py < px")
small_expt: LEMMA px < 1 mpLIEs (V py: d n: px" < py)
exponent_adjust: LEMMA

b' 4 bl <

b(i—i—l)

exp_of_exists: LEMMA
Ji: 0 < py & py < bUtD

END exponentiation
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euclidean_division: THEORY
BEGIN

a, t: VAR N

b: var Nyj

n: VAR Z

mod(b): TYPE+ = {7 | ¢ < b}

euclid_nat: LEMMA
34 (¢g: N), (r: mod(b)): a = bxq+r

euclid_int: PROPOSITION
d (qg: Z), (r: mod(b): n = bxqg+r

unique_quotient: PROPOSITION
V (@, q@: Z), (ri, r2: mod())):
bXq +ri = bXqgy+ry IMPLIES ¢ =

unique_remainder: COROLLARY
V (1, q2: Z), (r1, re: mod(b)):
bxq +1r, = bXqy+ry IMPLIES 71 =

unique_division: COROLLARY
V (Ch, gs: Z)I (Tlr ro: mOd(b)):
bxq +7r = bXqy+ ry IMPLIES

g1 = @2 AND 71 = T2

END euclidean_division
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divides: THEORY
BEGIN

n, m, L, r, y: VAR Z

p, q: vaR N

nz: VAR Z

divides(n, m): bool = 3 z: m = nxzx

divides(n)(m): bool = divides(n, m)

mult_dividesl: JUDGEMENT X(n, m) HAS_TYPE (divides(n))
mult_divides2: JUDGEMENT X(n, m) HAS_TYPE (divides(m))

divides_sum: LEMMA
divides(z, n) anp divides(xz, m) mpLIES divides(x, n + m)

divides_diff : LEMMA
divides(z, n) anp divides(z, m) mmpLIES divides(xz, n — m)

divides_opposite : LEMMA divides(x, —n) 1FF divides(z, n)
opposite_divides: LEmMmA divides(—z, n) 1FF divides(z, n)
divides_prodl: LEmmA divides(x, m) mpLies divides(x, n X m)
divides_prod2: rLEmmA divides(x, m) mpLies divides(x, m X n)

divides_prod_elim1: LEMMA
divides(nz X n, nz x m) 1FF divides(n, m)

divides_prod_elim2: LEMMA
divides(n x nz, m x nz) 1FF divides(n, m)

divides_reflexive: LEMMA divides(n, n)

divides_transitive: LEMMA
divides(n, m) anp divides(m, [) mMpLIES divides(n, ()
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product_one: LEMMA
r Xy = 1 1FF
(x =1 anp y = 1) orR (x = —1 anp y = —1)

mutual_divisors: LEMMA
divides(n, m) AND divides(m, mn) IMPLIES m = m OR N =

mutual_divisors_nat: LEMMA
divides(p, ¢q) anp divides(q, p) IMPLIES p = ¢

one_divides: LEMmA divides(l, n)

divides_zero: LEmMMA divides(n, 0)

zero_div_zero: LEMMA divides(0, n) 1FF n = 0

divisors_of _one: LEMMA divides(n, 1) FfF n = 1 oR n = —1
one_div_one: LEMMA divides(p, 1) 1FF p = 1

divisor_smaller: rEmMmA divides(p, ¢) mmpLiEs ¢ = 0 orR p < ¢

divides_next: LEMMA
divides(n, n+1) 7 n = 1 oR n = —1

p1: VAR above(l)

divides_plus_1: LEMMA
divides(p;, nz) = ~or divides(p;, nz+ 1)

END divides
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modulo_arithmetic: THEORY
BEGIN

x, Y, 2, t, q, i: VAR Z
n0x: VAR Z
nx: VAR N
pX, py, b: var Ny
n: VAR N
nrem(x, b): {r: mod(b) | 34 g: = = bxqg+r}
rem(b)(z): {r: mod(b) | d q: = = bxqg+r}
rem_def: LEMMA

Y (r: mod(b)):

rem(b)(x) = r 1FF 4 q: * = bXxqg+r

rem_def2: LEMMA

V (r: mod(b)):

rem(b)(x) = r 1FF divides(b, x — 1)

rem_def3: LEMMA
Y (r: mod(b)):

rem(b)(x) = r 1F divides(b, 7 — x)
rem_nremO: LEMMA rem = A b: A x: nrem(x, b)
rem_nrem: LEMMA rem(b)(z) = nrem(z, b)
rem_mod: LEMMA VYV (r: mod(b)): rem(b)(r) = r
rem_mod2: LEMmMA 0 < z AND = < b mMpPLIES rem(b)(x) = =z
rem_zero: LEMMA rem(b)(0) = 0
rem_self: LEmMA rem(b)(b) = 0
rem_multiplel : LeMMA rem(b)(b x z) = 0
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rem_multiple2: rEmMma rem(b)(z X b) = 0
rem_one: LEMMA b # 1 mpLies rem(b)(1) = 1
rem_minus_one: LEMMA rem(b)(—1) = b—1

same_remainder: LEMMA
rem(b)(x) = rem(b)(y) 1FF divides(b, = — y)

rem_rem: LEMMA rem(b)(rem(b)(z)) = rem(b)(x)

rem_sum: LEMMA
rem(b)(z) = rem(b)(y) AND rem(b)(z) = rem(b)(t) IMPLIES
rem(b)(x + 2) = rem(b)(y + 1)

rem_suml: LEMMA
rem(b)(rem(b)(z) +y) = rem(b)(x + y)

rem_sum?2: LEMMA
rem(b)(x + rem(b)(y)) = rem(b)(x + y)

rem_diff : LEMMA
rem(b)(z) = rem(b)(y) AND rem(b)(z) = rem(b)(t) IMPLIES
rem(b)(x — z) = rem(b)(y —t)

rem_diff1: LEMMA
rem(b)(rem(b)(x) —y) = rem(b)(x — )

rem_diff2: LEMMA
rem(b)(z — rem(b)(y)) = rem(b)(x — y)

rem_prodl: LEMMA
rem(b)(rem(b)(z) X y) = rem(b)(x X y)

rem_prod2: LEMMA
rem(b)(xz x rem(b)(y)) = rem(b)(x X y)

rem_prod: LEMMA

rem(b)(z) = rem(b)(y) Anp rem(b)(z) = rem(b)(t) IMPLIES
rem(b)(x x z) = rem(b)(y X t)
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rem_expt: LEMMA
rem(b)(x) = rem(b)(y) IMPLIES
rem(b)(z") = rem(b)(y")

rem_exptl : LEMMA
rem(b)(rem(b)(z)") = rem(b)(z")

rem_sum_eliml: LEMMA
rem(b)(x +vy) = rem(b)(x + 2) IFF
rem(b)(y) = rem(b)(2)

rem_sum_elim2: LEMMA
rem(b)(y + x) = rem(b)(z + =) IFF
rem(b)(y) = rem(b)(z)

rem_diff_eliml: LEMMA
rem(b)(x —y) = rem(b)(x — z) IFF
rem(b)(y) = rem(b)(z)

rem_diff _elim2: LEMMA
rem(b)(y — x) = rem(b)(z — ) IFF
rem(b)(y) = rem(b)(z)

rem_opposite_elim: LEMMA
rem(b)(—z) = rem(b)(—y) IFF
rem(b)(x) = rem(b)(y)

ndiv(z, b): {q: Z | = = bxq+rem(b)(x)}

ndiv_It: temma ndiv(z, b) < z/b

JUDGEMENT ndiv(n, b) HAS_TYPE upto(n)

rem_floor: LEMMA

V b, z: x = rem()(x)+bx |z/b]
rem_base: LEMMA
Vb, x, i, n:
rem(b)(z) = rem(b+ n)(x + i) IFF
divides(b+n, i—n x |x/b])

rem_sum_floor: LEMMA
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Vb, x, i:
rem(b)(x + 1) =
rem(b)(z) + 1 — b x [(rem(b)(z) + ©)/b]

rem_sum_assoc: COROLLARY
Vb, x, n:
rem(b)(z +n) = rem(b)(x) +n IFF
rem(b)(x) < b—n

rem_add_one: LEMMA
Vb, x:
rem(b)(z + 1) = rem(b)(z) +1 or
(rem(b)(x) = b— 1 AND
rem(b)(z +1) = 0)

rem_wrap: LEMMA
vV b, x, (n: below(b)):
rem(b)(z) < rem(b)(x + n) IFF
rem(b)(r) < b—n aNnp n > 0

rem_wrap_eq: COROLLARY
Vb, x, (n: below(b)):
rem(b)(z) < rem(b)(z + n) IFF
rem(b)(z) < b—n or divides(b, n)

END modulo_arithmetic
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subrange_inductions [z Z, j: upfrom(i)}: THEORY
BEGIN

k, m: VAR subrange(i, 7j)
p: VAR pred [subrange(i, j)}

subrange_induction: LEMMA
(p(z) anp (Vv k: k < j anp p(k) mvpLiEs p(k + 1))) IMPLIES
(V k: p(k))

SUBRANGE induction: LEMMA
<~V k: ¥V m: m < k wmpLiEs p(m)) MPLIES p(k)) IMPLIES

vV k: p(k)

END subrange_inductions
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bounded_int_inductions [m: Z}: THEORY
BEGIN

pf: var pred [upfrom(m)}
jf, kf: var upfrom(m)

upfrom_induction: LEMMA
(pf(m) anp (V jf: pf(jf) mmpLies pf(jf + 1))) IMPLIES
(v jf: pf(jf)

UPFROM_induction: LEMMA
(V jf: (v kf: kf < jf mmpries pf(kf)) mvpries pf(jf)) MpLIES

(v jf: pf(f))
pa: VAR pred [above(m)}
ja, ka: var above(m)
above_induction: LEMMA
(pa(m + 1) anp (V ja: pa(ja) mMpLIES pa(ja+ 1))) IMPLIES

(V ja: pa(ja))

ABOVE_induction: LEMMA
(V ja: (Vv ka: ka < ja mmpries pa(ka)) mMPLIES pa(ja)) IMPLIES

(V ja: pa(ja))

END bounded_int_inductions
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bounded_nat_inductions [m: N}: THEORY
BEGIN

pt: var pred[upto(m)]
jt, kt: vArR upto(m)

upto_induction: LEMMA
(pt(0) anp (V jt: jt < m anp pt(jt) mMpLIES pt(jt + 1))) IMPLIES
(v jt: pt(ju))

UPTO_induction: LEMMA
(V jt: (¥ kt: kt < jt mmpues pt(kt)) mMPLIES pt(jt)) IMPLIES
(V jt: pt(jv)

pb: var pred [below(m)]
jb, kb: var below(m)

below_induction: LEMMA
((m > 0 mpLIEs pb(0)) AND
(V jb: jb < m—1 anDp pb(jb) mMpLIES pb(jb + 1)))
mpLIES (V jb: pb(jb))

BELOW_induction: LEMMA
(V jb: (Vv kb: kb < jb mmprLies pb(kb)) mvpLIES pb(jb)) IMPLIES
(V jb: pb(jb))

END bounded_nat_inductions
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subrange_type [m, n: Z}: THEORY
BEGIN

subrange: TYPE = subrange(m, n)

END subrange_type

140



int_types [m: Z}: THEORY
BEGIN

upfrom: TYPE+ = upfrom(m)
above: TYPE+ = above(m)

END int_types
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nat_types [m: N]: THEORY
BEGIN

upto: TYPE+ = upto(m)
below: TYPE = below(m)

END nat_types
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nat_fun_props: THEORY
BEGIN

n, m: VAR N

injection_n_to_m: THEOREM
3 (f: [below(n) — below(m)]): injective?(f)) IMPLIES
n < m

injection_n_to_m_var: THEOREM
(3 (f: [below(n) — below(m)|): injective?(f)) IFF
n < m

surjection_n_to_m: THEOREM
3 (f: [below(n) — below(m)]): surjective?(f)) IMPLIES
m < n

surjection_n_to_m_var: THEOREM
(3 (f: [below(n) — below(m)]): surjective?(f)) 1FF
(m >0 anD m < n) oR (m = 0 anp n = 0)

bijection_n_to_m: THEOREM
(3 (f: [below(n) — below(m)]): bijective?(f)) IFF

n =m

injection_n_to_m2: THEOREM
3 (f: [upto(n) — upto(m)]): injective?(f)) 1FF
n < m

surjection_n_to_m?2: THEOREM
3 (f: [upto(n) — upto(m)]): surjective?(f)) TIFF
m < n

bijection_n_to_m2: THEOREM
(3 (f: [upto(n) — upto(m)]): bijective?(f)) 1eF
n = m

surj_equiv_inj: THEOREM
V (f: [below(n) — below(n)]):

surjective?(f) 1FF injective?(f)

inj_equiv_bij: THEOREM
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V (f: [below(n) — below(n)]):

bijective?(f) 1FF injective?(f)

surj_equiv_bij: THEOREM

V (f: [below(n) — below(n)]):

bijective?(f) 1FF surjective?(f)

surj_equiv_inj2: THEOREM
V (f: [upto(n) — upto(n)]):
surjective?(f) 1FF injective?(f)

inj_equiv_bij2: THEOREM
V (f: [upto(n) — upto(n)]):
bijective?(f) 1FF injective?(f)

surj_equiv_bij2: THEOREM
vV (f: [upto(n) — upto(n)}):

bijective?(f) 1FF surjective?(f)

END nat_fun_props
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finite_sets [T : TYPE}: THEORY
BEGIN

T, Y, zZ: VAR T
S: VAR set[T}
N: varR N

is_finite(s): bool =
3 N, (f: [(s) — below[N]]): injective?(f))

finite_set: Type = (is_finite) conTaNING 0[T]
non_empty_finite_set: TYPE = {s: finite_set | NoT empty?(s)}
is_finite_surj: LEMMA
(3 (N: N), (f: [below[N] — (s)]): surjective?(f)) 1FF
is_finite(s)
A, B: var finite_set
NA, NB: var non_empty_finite_set
finite_subset: LEMMA (s C A) mvpLiEs is_finite(s)
finite_intersection: LEMMA is_finite((A N B))

finite_add: reEmmA is_finite((A U {x}))

nonempty_ﬁnite_is_nonempty: JUDGEMENT non_empty_ﬁnite_set SUBTYPE_OF
(nonempty? [T] )

finite_singleton: JUDGEMENT singleton(z) HAS_TYPE finite_set
finite_union: JUDGEMENT union(A, B) HAS_TYPE finite_set

finite_intersectionl : JUDGEMENT intersection(s, A) HAS_TYPE
finite_set

finite_intersection2: JUDGEMENT intersection(A, S) HAS_TYPE
finite_set
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finite_difference : JupGeMENT difference(A, s) HAS_TYPE finite_set

nonempty_finite_unionl : JUDGEMENT union(NA, B) HAS_TYPE
non_empty_finite_set

nonempty_finite_union2: JUDGEMENT union(A, NB) HAS_TYPE
non_empty_finite_set

nonempty_add_finite: JupDGEMENT add(z, A) HAS_TYPE
non_empty_finite_set

finite_remove: JUDGEMENT remove(x, A) HAS_TYPE finite_set
finite_rest: JUDGEMENT rest(A) HAS_TYPE finite_set
finite_emptyset: JUDGEMENT () HAS_TYPE finite_set

nonempty_singleton_finite: JUDGEMENT singleton(x) HAS_TYPE
non_empty_finite_set

is_finite_type: bool =
(3 N, (g: [T — below|[N]]): injective?(q))

finite_full : LEMMA is_finite_type 1FF is_finite(fullset [T])
finite_type_set: LEMMA is_finite_type IMPLIES is_finite(s)
finite_complement: LEMMA is_finite_type IMPLIES is_finite(s)
S, Ss: var finite_set

n, m: VAR N

p: VAR Nyj

inj_set(S): (nonempty?|[N]) =
{n | 3 (f: [(S) — below[n]|]): injective?(f)}

Card(S): N = min(inj_set(S))

inj_Card: LEMMA
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Card(S) = n IMPLIES
3 (f: [(S) — below[n]]): injective?(f))

reduce_inj: LEMMA

vV (f: [(S) — below[p]]):

injective?(f) AND NoT surjective?(f) IMPLIES
3 (g: [(S) — below[p—1]]):
injective?(g)))

Card_injection: LEMMA

3 (f: [(S) — below[nﬂ): injective?(f)) IMPLIES

Card(S) < n
Card_surjection: LEMMA

3 (f: [(S) — below[n“): surjective?(f)) IMPLIES

n < Card(95)
Card_bijection: THEOREM

Card(S) = n 1FF

3 (f: [(S) — below[n]]): bijective?(f))
Card_disj_union: THEOREM

disjoint?(S, S3) IMPLIES

Card((S U S;)) = Card(S) + Card(S>)
card(S): {n: N | n = Card(S)}
card_def: THEOREM card(S) = Card(S)
card_emptyset: THEOREM card(([T]) = 0
empty_card: THEOREM empty?(S) IFF card(S) = 0
card_empty?: THEOREM (card(S) = 0) = empty?(S)
card_is_0: THEOREM (card(S) = 0) = (S = 0)
nonempty_card: THEOREM nonempty?(S) 1FF card(S) > 0

card_singleton: THEOREM card(singleton(x)) = 1

card_one: THEOREM card(S) = 1 1FF (4 z: S = singleton(z))
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card_disj_union: THEOREM
disjoint?(A, B) IMPLIES
card((AU B)) = card(A) + card(B)

card_diff_subset: THEOREM
(A C B) IMPLIES
card((B \ A)) = card(B) — card(A)

card_subset: THEOREM (A C B) mpries card(A) < card(B)

card_plus: THEOREM
card(A) + card(B) =
card((A U B)) + card((A N B))

card_union: THEOREM
card((AU B)) =
card(A) + card(B) — card((A N B))
card_add: THEOREM

card((SU{z})) =

card(S) + 1 S(x) THEN 0 ELSE 1 ENDIF
card_add_gt0: THEOREM card((SU {z})) > 0
card_remove: THEOREM

card((S \ {z})) =

card(S) —1F S(x) THEN 1 ELSE ( ENDIF

card_rest: THEOREM
NotT empty?(S) mmpLIES card(rest(S)) = card(S) — 1

same_card_subset: THEOREM
(AC B) anp card(A) = card(B) mpLies A = B

smaller _card_subset: THEOREM
(AC B) anp card(A) < card(B) IMPLIES
(3 x: (x € B) aND Notr (x € A))

card_strict_subset: THEOREM (A C B) mvpries card(A) < card(B)

card_1_has_1: THEOREM card(S) > 1 mmpLies (4 (z: T): S(x))
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card_2_has_2: THEOREM
card(S) > 2 IMPLIES
3 (@, y: T): © # y anxp S(xr) aNnDp S(y))

card_intersection_le: THEOREM
card((AN B)) < card(A) anDp
card((AN B)) < card(B)

card_bij: THEOREM
card(S) = N T1FF
3 (f: [(S) — below[NH): bijective?(f))

card_bij_inv: THEOREM
card(S) = N IFF
3 (f: [below[N] — (S)]): bijective?(f))

bij_exists: COROLLARY
(3 (f: [(S) — below(card(S))]): bijective?(f))

bij(S': finite_set):
{f: [(S) — below(card(S))] | bijective?(f)}

ibij(S: non_empty_finite_set): {f: [below(card(S)) — (S)] | bijective?(f)} =
inverse(bij(.9))

bij_ibij: LEMMA
vV (S: non_empty_finite_set, ii: below(card(5))):
bij(S)(ibij(S)(i1)) = ii
ibij_bij: LEMMA
vV (S: non_empty_finite_set, z: T):
S(x) mpLiEs ibij(S)(bij(S)(x)) = =

i1s_finite_exists_ N: LEMMA
V (g: [below[N] — T1]):
is_finite({r: T | 3 (n: below[N]): r = g(n)})
P, P, Py: var pred|T]
finite_pred: LEMMA

is_finite(fullset [T} ) IMPLIES
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is_finite[T|({z: T | P(x)})

finite_pred2: LEMMA
is_finite(P) 1MPLIES is_finite [T}({x: T | P(x)})

card_implies: LEMMA
is_finite(fullset [T }) AND (VY (x: T): Pi(xr) mpLIES P,(r)) IMPLIES
card({x: T | Pi(x)}) < card({z: T | P(x)})

finite_induction: THEOREM
vV (p: pred[set[T“):
v (n: N), (S: set[T]):
3 (f: [(S) — below[n]]): injective?(f)) = p(S))
= (V (FS: finite_set): p(FS))

END finite_sets
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restrict_set_props [T : TYPE, S: TYPE FROM T }: THEORY
BEGIN

restrict_finite: LEMMA
V (a: set[T]):
is_finite(a) = is_finite(restrict[T, S, bool](a))

finite_restrict: JupGEMENT restrict[7, S, bool|(a: finite_set[T]) HAs_TYPE
finite_set[.S]

empty_restrict: JUDGEMENT restrict [T ;S bool] (a: (empty? [T } )) HAS_TYPE
(empty? [S])
card_restrict: LEMMA
V (a: finite_set [T}):
card(restrict [T , S, bool} (a)) < card(a)

END restrict_set_props
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extend_set_props [T: TYPE, S: TYPE FROM T]: THEORY
BEGIN

finite_extension: LEMMA
vV (a: set[S]):

is_finite(extend [T , S, bool, FALSE] (a)) 1FF is_finite(a)

finite_extend : supGement extend|[T’, S, bool, FALsE|(a: finite_set[S]) HAS_TYPE
finite_set[7’]

empty_extend: JUDGEMENT extend [T, S, bool, FALSE} (a: (empty? [S} )) HAS_TYPE
(empty? [T})

nonempty_extend: JunGemenT extend[T’, S, bool, FaLsg|(a: (nonempty?[S])) HAS_TYPE
(nonempty? [T] )

singleton_extend: JUDGEMENT extend [T , S, bool, FALSE] (a: (singleton? [S} )) HAS_TYPE
(singleton?[ 7))

card_extend: LEMMA
vV (a: ﬁnite_set[S]):
card(extend [T, S, bool, FALSE} (@)) = card(a)

empty?_extend: LEMMA
V (a: set[S]):
empty?(extend [T, S, bool, FALSE} (a)) 1FF empty?(a)

nonempty?_extend: LEMMA
V (a: set[S]):
nonempty?(extend [T, S, bool, FALSE|(a)) IFF nonempty?(a)

singleton?_extend: LEMMA
vV (a: Set[S]):
singleton?(extend[7", S, bool, FaLsE|(a)) 1FF singleton?(a)

subset_extend: LEMMA
V (a, b: Set[S}):
(extend [T , S, bool, FALSE] (a) C extend [T , S, bool, FALSE] (b)) 1FE
(a Cb)

union_extend: LEMMA
V (a, b: Set[S}):
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(extend [T , S, bool, FALSE] (a) U extend [T , S, bool, FALSE] (b)) =
extend[T', S, bool, FALsE|((aUDb))

intersection_extend: LEMMA
V (a, b: set[S}):
(extend [T , S, bool, FALSE] (a) N extend [T , S, bool, FALSE] b)) =
extend [T , S, bool, FALSE]((aﬂb))

difference_extend: LEMMA
vV (a, b: set[S}):
(extend [T , S, bool, FALSE] (a) \ extend [T, S, bool, FALSE} ) =
extend[T’, S, bool, raLsg[((a\ b))

add_extend: LEMMA
V(x: S, a: set[S}):
(extend[T', S, bool, raLsg|(a)U{z}) =
extend[T, S, bool, FaLse|((aU {z}))

remove_extend: LEMMA
V(x: S, a: SC'[[SD:
(extend[T', S, bool, raLsg|(a)\{z}) =
extend[T, S, bool, raLse|((a\ {z}))

END extend_set_props
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function_image_aux [D: TYPE, R: TYPE}: THEORY
BEGIN

S: var finite_set[D]

f: var [D — R}

inj: var (injective?[D, R])

finite_image: JUDGEMENT image(f, S) HAS_TYPE finite_set [R}
card_image: 1emmA V f, S: cardiimage(f, S)) < card(S)

card_injective_image: LEMMA
V inj, S: card(image(inj, S)) = card(S)

bijective_image: LEMMA
vV inj: bijective?[D, (image(inj, fullset [D] ))} (inj)

END function_image_aux
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function_iterate [T: TYPE}: THEORY
BEGIN

f: var [T — T]

m, mn: VAR N

r: VAR T

iterate(f, m)(x): RECURSIVE T =
IF n = 0 THEN x ELSE f(iterate(f, n — 1)(x)) ENDIF
MEASURE 71

iterate_add: LEMMA
iterate(f, m) o iterate(f, n) =
iterate(f, m + n)

iterate_add_applied: LEMMA
iterate(f, m)(iterate(f, n)(x)) =

iterate(f, m + n)(x)

iterate_add_one: LEMMA
iterate(f, n)(f(x)) = iterate(f, n+ 1)(x)

iterate_mult: LEMMA
iterate(iterate(f, m), n) = iterate(f, m X n)

iterate_invariant: LEMMA

fterate(f, n)(x)) = iterate(f, n)(f(x))

END function_iterate
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sequences [T TYPE} . THEORY
BEGIN

sequence: TYpE = [N — T
i, n: VAR N
r: VAR T
p: VAR pred [T]
seq: VAR sequence
Trel: var PRED[[T]]
nth(seq, n): T = seq(n)
suffix(seq, n): sequence = (A i: seq(t + n))
first(seq): T = nth(seq, 0)
rest(seq): sequence = suffix(seq, 1)
delete(n, seq): sequence =
(A 2
(IF © < n THEN seq(i) ELSE seq(¢ + 1) ENDIF))
insert(x, n, seq): sequence =
(A 2:
(F 72 < n
THEN seq(?)
ELSIF © = 71 THEN T
ELSE seq(? — 1)
ENDIF))

add(x, seq): sequence = insert(x, 0, seq)

insert_delete: LEMMA
insert(nth(seq, n), n, delete(n, seq)) = seq

add_first_rest: LEMMA add(first(seq), rest(seq)) = seq
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every(p)(seq): bool = (V n: p(nth(seq, n)))
every(p, seq): bool = (V n: p(nth(seq, n)))
some(p)(seq): bool = (3 n: p(nth(seq, n)))
some(p, seq): bool = (3 n: p(nth(seq, n)))

sequence_induction: LEMMA
p(nth(seq, 0)) anp (V n: p(nth(seq, n)) mMpLiEs p(nth(seq, 7 + 1))) IMPLIES
every(p)(seq)

ascends?(seq, Trel): bool =
preserves(seq, (A i, n: © < n), Trel)

descends?(seq, Trel): bool =
inverts(seq, (A 7, n: ¢ < n), Trel)

END Sequences

157



seq_functions [D, R: TYPE]: THEORY
BEGIN

f: var [D — R]

s: VAR sequence|D]

n: var N

map(f)(s): sequence[R] = (A n: f(nth(s, n)))
map(f, s): sequence|R] = (A n: f(ath(s, n)))

END seq_functions
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finite_sequences [T: TYPE}: THEORY
BEGIN

finite_sequence: Ty = [#length: N, seq: [below[length] — T'|#]

finseq: TYPE = finite_sequence
fs, fsl, fs2, fs3: var finseq
m, m: VAR N
empty_seq: finseq =

(#length = 0,

seq = (A (z: below[0]): e! (t: T): TRUEM)

finseq_appl(fs) : [below [length(fs)] — T} = fs'seq;
CONVERSION finseq_appl
fsl ofs2: finseq =

LET [, = fsl length, Isum = [; + fs2’length v
(#length := lsum,

seq
= (A (n: below[lsum]):
IFn < [
THEN fsl' seq(n)
ELSE fs2'seq(n — [y)
ENDIF)#) ;
p: VAR [N}

fs”: finseq =
LET (M, n) = p IN
IF m > n oR m > fs length
THEN empty_seq
ELSE LET len = min(n —m + 1, fslength —m) N

(#length := len, seq := (A (z: below [len]):

ENDIF;

M(fs, p): finseq =
LET (m, n) = p IN
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IF m > n orR m > fs length
THEN empty_seq
ELSE LET len = min(n —m, fslength —m) N
(#length := len, seq := (A (z: below[len]): fs"seq(z + m))#)
ENDIF
extractl(fs: {fs | fs'length = 1}): T = fs seq(0)

CONVERSION extractl
0_assoC: LEMMA
fsl o (fs2 0o fs3) = (fsl o fs2) o fs3

END finite_sequences
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more_finseq [T: TYPE}: THEORY
BEGIN

seq: TYpE = finseq[T’]
rr, ss, tt: VAR seq
r, Yy, zZ: VAR T
prefix?(rr, ss): bool =
rr length < ss”length AND

(V (¢: below(rr’ length)): rrseq(i) = ss seq(i))

prefix_closed?(X : set[seq]): bool =
V ss: X(ss) mmpLies (V (rr: seq | prefix?(rr, ss)): X(rr))

add(xz, rr): finseq [T } =
IT WITH [‘length = rrilength +1, “seq(rr length) := x]

END more_finseq
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ordstruct: DATATYPE
BEGIN
zero: zero?
add(coef: N.g, exp: ordstruct,
rest: ordstruct)
nonzero?
END ordstruct
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ordinals: THEORY
BEGIN

i, J, k: var Ny
m, n, O: varR N
w, v, w, T, Y, Z: VAR ordstruct

size : [ordstruct — N} =
reduce_nat(0, (A i, m, n: 1+m+n));

<(x, ¥Y): RECURSIVE bool =
CASES & OF
zero: NoT zero?(y),
add(z, u, v):
CASES Y OF
Zero: FALSE,
add(y, z, w):
(u < z) orR
(u = 2) AND (2 < j) OR (u = 2) AND (2 = j) AND (v < w)
ENDCASES
ENDCASES
MEASURE Size(r);

>(x, vy): bool

y < z;

<(x, y): bool = z < y oR x = y;

>(x, y): bool

Yy < TORY =2

ordinal?(x): RECURSIVE bool =
CASES T OF
Zero: TRUE,
add(z, u, wv):
(ordinal?(u) AND
ordinal?(v) AND cASEs v OF zero: TRUE, add(k, r, s): r < u ENDCASES)
ENDCASES
MEASURE  Size

ordinal: TYPE+ = (ordinal?)
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r, S, t: VAR ordinal

ordinal_irreflexive: LEMMA NoOT 7 < 7

ordinal_antisym: LEMMA 7 < S IMPLIES NOT § < T
ordinal_antisymmetric: LEMMA 77 < s AND § < 7 IMPLIES 7' = §
ordinal_transitive: LEMMA r < S AND S < t IMPLIES 7 < t
ordinal_trichotomy: LEMMA 7 < s OR ' = S OR § < T

p: VAR pred [ordinal]

ordinal_induction: AxIiom
~V r: (V s: s < r IMPLIES p(s)) IMPLIES p(7)) IMPLIES

V' r: p(r)

well_founded_le: LEMMA
well_founded?(\ (r, s: (ordinal?)): r < s)

END ordinals
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lex2: THEORY
BEGIN

i, J, m, n: VAR N

lex2(m, mn): ordinal =

aF m =0
THEN IF n = (0 THEN zero ELSE add(n, zero, zero) ENDIF

ELsIF n = 0 THEN add(m, add(l, zero, zero), zero)

ELSE add(m, add(l, zero, zero), add(n, zero, zero))

ENDIF)

lex2_1t: LEMMA
(Iex2(z, j) < lex2(m, n)) =
( < morR (1 = m AND J < n))

END lex2
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list [T : TYPE}: DATATYPE

BEGIN

null: null?

cons(car: 1', cdr: list): cons?
END list
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list_props [T : TYPE}: THEORY
BEGIN

l, ll, 12, l3! VAR hst[T}
r: VAR T
P, Q: var PREDIT|
length(/): RECURSIVE N =
cases | oF null: 0, cons(x, y): length(y) + 1 ENDCASES
MEASURE reduce_nat(0, (A (z: T), (n: N): n+1))
member(x, [): RECURSIVE bool =
cases | oF null: raLsg, cons(thd, tl): x = hd or member(x, tl) ENDCASES
MEASURE length(])
member_null: LEMMA member(z, [) mMpLIES NoT null?(l)
nth(/, (n: below [length(l)] )): RECURSIVE 1 =
IF n = 0 tHEN car(/) ELsE nth(cdr(l), n — 1) ENDIF
MEASURE length(])
append(ly, lp): Recursive list[T] =
cases [y oF null: [y, cons(x, y): cons(r, append(y, [3)) ENDCASES
MEASURE length(l;)
reverse(l) : RECURSIVE list [T] =
cases [ ofF null: [, cons(z, y): append(reverse(y), cons(x, null)) ENDCASES
MEASURE length

append_null: rLEmmA append(/, null) = |

append_assoc: LEMMA
append(append(ly, [2), ls) = append(ly, append(lz, I3))

reverse_append: LEMMA
reverse(append(l;, l3)) = append(reverse(ly), reverse(l;))

reverse_reverse: LEMMA reverse(reverse(l)) = [

length_append: LEMMA
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length(append(l;, [5)) = length(l;) + length(ly)
length_reverse: LEMMA length(reverse(/)) = length(l)
a, b, c: vaR T

list_rep: LEMMA
(a, b, c¢)) = cons(a, cons(b, cons(c, null)))

every_append: LEMMA
every(P)(append(ly, [3)) IFF
(every(P)(l1) anp every(P)(l3))

every_disjunct] : LEMMA
every(P)(l) TMPLIES
every(A (z: T): P(x) or Q(z))1)

every_disjunct2: LEMMA
every(Q)(l) IMPLIES
every(A (z: T): P(x) or Q(z))1)

every_conjunct: LEMMA
every(A (z: T): P(x) anp Qx))() =
(every(P)(I) anp every(Q)(0))
every_conjunct2: LEMMA
(every(P)(1) anD every(@Q)(1)) =
every(A (z: T): P(z) anp Q(x))(1)
every_member: LEMMA every({c: T | member(c, [)})(l)
every_nth: LEMMA
every(P)(l) 1FF
vV (i: below(length(l))): P(nth(l, 1))

END list_props
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map_props [Tl, T, 13: TYPE}: THEORY
BEGIN

fi: var [Ty — T3]
fo: var [T, — T3]
s: var sequence|T}]
l: var list[T}]

map_list_composition: LEMMA

map( fo)(map(f1)(1)) = map(f; o fi)()

map_seq_composition: LEMMA

map(f2)(map(f1)(s)) = map(fz o f1)(s)

END map_props
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more_map_props [Tl, T: TYPE}: THEORY
BEGIN

f: VAR [Tl — TQ}
[: VAR list[Tl]
map_length: rEmma length(map(f)(l)) = length(l)
map_nth_rw: LEMMA
vV (i: below(length(l))):
nth(map(f)(1), @) = f(nth(, 1))

END more_map_props
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filters [T : TYPE}: THEORY
BEGIN

st var set[T]

[: var list[T]

p: var pred|T]

filter(s, p): set[T] = {z: T | s(z) & p(x)}
filter(p)(s): set[T] = {z: T | s(x) & p(x)}

filter(l, p): RECURSIVE list [T} =
CASES [ OF
null: null,
cons(r, y): IF p(xr) THEN cons(x, filter(y, p)) ELSE filter(y, p) ENDIF
ENDCASES
MEASURE length(()

filter(p)(l): RECURSIVE list [T] =
CASES [ OF
null: null,
cons(r, y): 1F p(xr) THEN cons(x, filter(p)(y)) ELSE filter(p)(y) ENDIF
ENDCASES
MEASURE length(l)

END filters
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list2finseq [T: TYPE}: THEORY
BEGIN

l: VAR list[T}
fs: var finseq [T}
n: VAR N
list2finseq(l) : finseq [T} =
(#length := length(l),
seq = (A (x: below[length(l)}): nth(l, x))#)
finseq2list_rec(fs, (n: N | n < length(fs))): recursive list[T]| =
Fn =20
THEN null
eLSE cons(fs” seq(length(fs) — n), finseq2list_rec(fs, n — 1))
ENDIF
MEASURE 70

finseq2list(fs): list[7] = finseq2list_rec(fs, length(fs))

CONVERSION list2finseq

CONVERSION finseq?2list

END list2finseq

172



list2set [T : TYPE}: THEORY
BEGIN

[: var list[T}
x: VAR T
list2set(l): RECURSIVE set[T] =
cases | oF null: Q[T], cons(z, y): (list2set(y) U {x}) ENDCASEs

MEASURE length

CONVERSION list2set

END list2set
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disjointness: THEORY
BEGIN

l: var list [bool]

pairwise_disjoint?(/) : RECURSIVE boolean =
CASES [ OF
null: TRUE,
cons(z, y): every(A (z: bool): NoT (xr AND 2))(y) AND pairwise_disjoint?(y)
ENDCASES
MEASURE length(])

END disjointness
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character: DATATYPE

BEGIN

char(code: below[256]): char?
END character
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strings: THEORY
BEGIN

char: TYypE = (char?)

string: TYpE = finite_sequence [char]
l1, ly: var list [char]

€1, Ca: VAR char

fseq_lem: LEMMA
(list2finseq(ly) = list2finseq(ls)) = (1 = o)

cons_lem: LEMMA
(cons(ci, 1) = cons(ca, lp) = (c1 = o & li = o)

char_lem: LEMMA (¢c; = c¢3) = (code(c;) = code(cs))

END strings
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lift [T: TYPE}: DATATYPE
BEGIN
bottom: bottom?
up(down: T): up?
END lift
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union [T 1, Th: TYPE}: DATATYPE
BEGIN

inl(left: 7%): inl?

inr(right: 75): inr?

END union
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mucalculus [T : TYPE}: THEORY
BEGIN

$: VAR T

P, Pir P2: VAR pred[T]

predicate_transformer: Type = [pred[T]| — pred|T|]

pt: var predicate_transformer

setofpred: var pred [pred [T] ]

<(p1, p2): bool = V s: pi(s) IMPLIES po(s)

monotonic?(pt): bool = V p;, pe: p1 < ps IMPLIES pt(p1) < pt(po)
pp: VAR (monotonic?)

fixpoint?(pp, p): bool = (pp(p) = p)

fixpoint?(pp)(p): bool = fixpoint?(pp, p)

glb(setofpred) : pred|[T] =
A s: (V p: (p € setofpred) mMPLIES p(s))

Ifp(pp): pred[T] = glb({p | pp®) < p})
Ifp_induction: FormurLA pp(p) < p mpLies Ifp(pp) < p
p(pp): pred[T] = Ifp(pp)

Ifp?(pp, p1): bool =
fixpoint?(pp, p1) AND V po: fixpoint?(pp, p2) IMPLIES p; < Po

Ifp?(pp)(p1): bool = Ifp?(pp, p1)

lub(setofpred): pred[T] =
A s: 3 p: (p € setofpred) anp p(s)

gfp(pp): pred[T] = lub({p | p < (pp(®)})
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gfp_induction: ForMULA p < pp(p) mMPLIES p < gfp(pp)
v(pp): pred[T| = gfp(pp)

gfp?(pp, p1): bool =
fixpoint?(pp, p1) AND V po: fixpoint?(pp, p2) IMPLIES Dy < p

gfp?(pp)(p1): bool = gfp?(pp, p1)

END mucalculus
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ctlops [state: TYPE}: THEORY
BEGIN

u, vV, W: VAR Sstate

fr g, Q, P, pi, pa: var pred state]
Z: var pred|[state] ]
N: vAr [state, state — bool}

CONVERSION+ K_conversion

EX(N, f)w): bool = (3 v: (f(v) ano N(u, v)))

EG(N, f): pred[state] =
V(A Q: (A (s: state): f(s) anp EX(N, @Q)(s)))

EUN, f, g¢): pred[state] =
pA Q:
(A (s1: state):

g(s1) OR
(A (s: state): f(s) anp EX(N, Q)(s))

(51)))

EF(N, f): pred [state] =
EU(N, K_conversion [boolean, state} (TRUE), f)

AX(N, f): pred[state] =
A (sp: state): Nor EX(IV, A (s: state): NoT f(s))(s1)

AF(N, [): pred[state} =
A (sp: state): Nor EG(INV, A (s: state): NoT f(s))(s1)

AG(N, f): pred[state] =
A (sp: state): Nor EF(N, X (s: state): NoT f(s))(s1)

AU(N, f, g): pred[state] =
A (s3: state):
(A (sg: state):
Not EU(N, A (s: state): Not g(s),
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(A (s1: state):
(A (s: state): Not f(s))(s1) AND
(A (s: state): NoT ¢g(s))(s1)))
(s2))
(s3)
AND AF(N, g)(s3)

CONVERSION- K _conversion

END ctlops
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fairctlops [state: TYPE}: THEORY
BEGIN

u, vV, W: VAR Sstate

fr g, Q, P, pi, pa: var pred state]
N: vaAr [state, state — booll

Ff: var pred [state]

CONVERSION+ K_conversion

fairEG(N, f)(Ff): pred [state]
v(A P:
EU(N, f,
A (sp: state):
f(s1) AnND
(A (s: state): Ff(s) ano EX(N, P)(s))
(51))

fairAR(N, f)(Ff): pred[state] =
A (s1: state):
Not fairEG(/N, A (s: state): Not f(s))(Ff)(s1)
fair?(N, Ff): pred[state] = fairEG(N, X w: TrUE)(Ff)

fairEX(N, f)(Ff): pred[state] =
EX(N, X (s: state): f(s) anp fair?(N, Ff)(s))

fairBUN, f, ¢)(Ff): pred[state] =
EU(N, f, X (s: state): g(s) anp fair?(N, Ff)(s))

fairEF(N, f)(Ff): pred|state] =
EF(N, X (s: state): f(s) anp fair?(N, Ff)(s))

fairAX(N, f)(Ff): pred|state] =
A (sp: state):
NoT fairEX(NN, A (s: state): Not f(s))(Ff)(s1)

fairAG(N, f)(Ff): pred|[state] =
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A (sp: state):
Not fairEF(N, A (s: state): Not f(s))(Ff)(s1)

fairAUN, f, ¢)(Ff): pred[state] =
A (s3: state):
(A (s9: state):
Not fairEU(N, A (s: state): Notr g¢(s),
A (s1: state):
(A (s: state): NoT f(s))(s1) AND
(A (s: state): Not g(s))(s1))
(Ff)(s2))
(s3)
AND fairAF(N, g¢)(Ff)(s3)

CONVERSION- K _conversion

END fairctlops
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Fairctlops [state: TYPE}: THEORY
BEGIN

u, vV, W: VAR Sstate

fr g, Q, P, pi, pa: var pred state]
N: vaAr [state, state — booll
Fflist, Gflist: var list [pred [state”

CONVERSION+ K_conversion

CheckFair(), N, f, Fflist): RecUursive pred [state] =
(cases Fflist or
cons(Ff, Gflist):
EU(N, [,
A (sp: state):
f(s1) AND
(A (s: state): Ff(s) ano EX(N, CheckFair(QQ, N, f, Gflist))(s))
(s1),
nul: @
ENDCASES)
MEASURE length(Fflist)

FairEG(V, f)(Fflist): pred|state] =
v(A P: CheckFair(P, N, f, Fflist))

FairAF(N, f)(Fflist): pred|state] =
A (sp: state):
Not FairEG(N, M\ (s: state): nNot f(s))(Fflist)(sy)
Fair?(N, Fflist): pred[state] = FairEG(N, A w: TtrUE)(Fflist)

FairEX(N, f)(Fflist): pred [state} =
EX(N, X (s: state): f(s) anp Fair?(N, Fflist)(s))

FairEU(N, f, g¢)(Fflist): pred[state] =
EU(N, f, X (s: state): ¢g(s) anp Fair?(/N, Fflist)(s))

FairEF(V, f)(Fflist): pred [state] =
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EF(N, X (s: state): f(s) anp Fair?(N, Fflist)(s))

FairAX(N, f)(Fflist): pred[state] =
A (s1: state):
NoT FairEX(N, A (s: state): not f(s))(Fflist)(sy)

FairAG(N, f)(Fflist): pred [state} =
A (s1: state):
NoT FairEF(IN, M\ (s: state): Not f(s))(Fflist)(s;)

FairAU(N, f, ¢)(Fflist): pred|state] =
A (s3: state):
(A (sy: state):
Not FairEU(V, A (s: state): Not g(s),
A (sp: state):
(A (s: state): NoT f(s))(s1) AND
(A (s: state): Not g(s))(s1))
(Fflist)(s2))
(s3)
anp FairAF(N, g)(Fflist)(s3)

CONVERSION- K_conver sion

enD Fairctlops
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bit: THEORY
BEGIN

bit: TYPE = bool
nbit: TYPE = below(2)
b: VAR bit

bit_cases: LEMMA b = FALSE OR b = TRUE

bo : [below(l) — bit] (A (z: below(1l)): FALSE)

bi: [below(l) — bit] = (A (i: below(1)): TRUE)

b2n(b: bool): nbit = 1F b THEN 1 ELSE ( ENDIF
n2b(nb: nbit): bool = (nb = 1)

END bit
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bv [N : N]: THEORY
BEGIN

CONVERSION+ b2n

bvec: TYPE = [below(N ) — bit}
b: VAR bit

bv: var bvec

it VAR below|N]

bvecO(7): bit = FALSE

bvecl(i): bit

TRUE
fill(b)(¢): bit = b;
bvi: bit = bv(s)

CONVERSION- b2n

END bv
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€xXp2: THEORY
BEGIN

n, m, i, T2: VAR N

exp2(n: N): ReECURSIVE Nyg = 1F n = 0 THEN 1 ELSE 2 X exp2(n — 1) ENDIF
MEASURE 70

JUDGEMENT exp2(n: N) HAS_TYPE above(n)
exp2_def: LEMMA exp2(n) = 2"
exp2_pos: LEMMA exp2(n) > 0
exp2_n: LEMMA exp2(n+1) = 2 X exp2(n)
exp2_sum: LEMMA exp2(n +m) = exp2(n) X exp2(m)
exp2_minus: LEMMA

YV n, (k: upto(n)):

exp2(n — k) = exp2(n)/exp2(k))

exp2_strictpos: LEMMA n > 0 IMPLIES exp2(n) > 1
exp2_lt: LEMMA n < m IMPLIES exp2(n) < exp2(m)
eXp_prop: LEMMA

r1 < exp2(n) AND zo < exp2(m) IMPLIES

r1 X exp2(m) + xo < exp2(n + m)

END exp2
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bv_concat_def [n: N, m: N]: THEORY
BEGIN

bvn: bvec[n] obvm: bvec[m]: bvec[n+m] =
(A (nm: below(n + m)):

IF nm < m THEN bvm(nm) ELSE bvn(nm — m) ENDIF)

END bv_concat_def
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bv_bitwise [N: N} : THEORY
BEGIN

1: VAR below(NV)

or(bvl, bv2: bvec[N]): bvec[N] =
(A 7: bvl(z) or bv2(i));

AND(bvl, bv2: bvec[N]): bvec[N]| =
(A 2: bvl(z) anp bv2(2));

1Fr(bvl, bv2: bvec[N}): bvec[N] =
(A i: bvl(z) FF bV2(7));

Not(bv: bvec[N}): bvec[N} = (A 2: Not bv(z));

xor(bvl, bv2: bvec[N}): bvec[N} =
(A 7: xor(bvl(z), bv2(2)));

bv, bvl, bv2: vAR bvec[N}

bv_OR: LEMMA . .
(bvl or bv2)" = (bvl® or bv2")

bv_AND: LEMMA ' '
(bvl anp bv2)" = (bvl® AND bv2")

bv_IFF: LEMMA A .
(bvl 1FF bv2)" = (bvl® 1FF bV2')

bv_XOR: LEMMA ‘ '
xor(bvl, bv2)" = xor(bvl’, bv2")

bv_NOT: remma (Nor bv)’ = nNor (bv)

END bv_bitwise
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bv_nat [N : N]: THEORY
BEGIN

CONVERSION+ b2n

bv2nat_rec(n: upto(N), bv: bvec [N ]): RECURSIVE N =
IFn =0
THEN 0
ELSE exp2(n — 1) X b2n(bv” ) + bv2nat_rec(n — 1, bv)
ENDIF
MEASURE 70

bv_lem: LEMMA
V (n: below(N), bv: bvec[N}):
bv(n) = FALSE OR bv(n) = TRUE
bv2nat_rec_bound: LEMMA
V (n: upto(N), bv: bvec[N]):
bv2nat_rec(n, bv) < exp2(n)
bv2nat(bv: bvec [N }): below(exp2(/N)) = bv2nat_rec(N, bv)
n: VAR upto(/V)
val: var below(exp2(/V))
bv, bvl, bv2: var bvec[N}
bv2nat_inj_rec: LEMMA
bv2nat_rec(n, bvl) = bv2nat_rec(n, bv2) &

(V (m: below(N)): (m < n) mpPLIES bvl(m) = bv2(m))

bv2nat_surj_rec: LEMMA
vV (y: below(exp2(n))): 3 bv: bv2nat_rec(n, bv) = y

bv2nat_inj: THEOREM
~ (z, y: bvec[N}):
(bv2nat(xr) = bv2nat(y) IMPLIES (x = v)))
bv2nat_surj: THEOREM

(V (y: below(exp2(N))):
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(3 (z: bvec[N]): bv2nat(z) = y))
bv2nat_bij: THEOREM bijective?(bv2nat)
bv2nat_rec_fill_F: rEmMMA bv2nat_rec(n, fill [N ] (FALSE)) = 0

bv2nat_rec_fill T: LEMMA
bv2nat_rec(n, fill[N](truE)) = exp2(n) — 1

bv2nat_fill_ F: LEMMA bv2nat(fill [N } (FALSE)) = 0

bv2nat_fill T: LEMMA
bv2nat(fill[N](trUE)) = exp2(N) — 1

bv2nat_eq0: rLEMMA bv2nat(bv) = 0 mprLies (bv = fill [N ] (FALSE))

bv2nat_eq_max: LEMMA
bv2nat(bv) = exp2(/N) —1 mprLies bv = (fill [N } (TRUE))

bv2nat_top_bit: THEOREM
N > 0 IMPLIES
IF bv2nat(bv) < exp2(N —1)

tHEN bv"V D = paLsE
eLse bv?" Y = TruE
ENDIF

bv2nat_topbit: THEOREM
N > 0 IMPLIES
bv¥ ™Y = (bv2nat(bv) > exp2(N — 1))

nat2bv(val: below(exp2(/N))):
{bv: bvec [N] | bv2nat(bv) = val}

nat2bv_def: LEMMA nat2bv = inverse(bv2nat)

nat2bv_bij: THEOREM
bijective? [below(exp2(N)), bvec[N]](nat2bv)

nat2bv_inv: THEOREM nat2bv(bv2nat(bv)) = bv

nat2bv_rew: LEMMA nat2bv(val) = bv 1FF bv2nat(bv) = val
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bv2nat_inv: THEOREM bv2nat(nat2bv(val)) = val

CONVERSION- b2n

END bv_nat
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empty_bv: THEORY
BEGIN

empty_bv: [below[0] — bool] = (A (z: below[0]): TRUE);

END empty_bv
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bv_caret [N: N]: THEORY
BEGIN

bv: bvec|N] s [uprotin)] : bvec[PROJ_1(sp) — PROJ_2(sp) + 1]
(A (ii: below(PROJ_1(sp) — PROJ_2(sp) + 1)):
bv(ii + PROJ_2(sp)));

bv: VAR bvec [N }
bv_caret_all: temma N > 0 mveries bv?¥ b O = py
bv_caret_ii_ O: LEMMA

(V (i: below(N)):

by 90 — bv')

bv_caret_elim: LEMMA

(V (¢: below(N), j: upto(d), k: below(z —j+1)):

pv® DY — bV(J-i-k))

END bv_caret
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mod: THEORY
BEGIN

i, k, cc: varR Z

m: VAR Nyg

n, a, b, ¢, r: vaAR N

J: VAR nonzero_integer

ml3: LemMMA |[i —m X [i/m]| < m
ml4d: LEMMA [i+m X |—i/m]| < m

mod(i, j): {k | |kl < |i]} =
i— g% |i/j]

mod_pos: LEMMA mod(z, m) > 0 anxp mod(z, m) < m
JUDGEMENT mod(i: 7Z, m: Nsyg) HAS_TYPE below(m)
mod_even: LEMMA integer_pred(i/j) mpLiEs mod(i, j) = 0

mod_neg: LEMMA

mod(—i, 7j) =

1F integer_pred(i/j)
THEN 0

ELSE j — mod(z, j)

ENDIF

mod_neg_d: LEMMA

mod(z, —j) =
IF integer_pred(i/j)
THEN ()
ELSE mod(z, j)— 7
ENDIF
mod_eq_arg: LEMMA mod(j, j) = 0

mod_It: LEMMA
li| < |j| mMpLIES
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mod(z, j) =

IF sgn(z) = sgn(j) ORrR 1
THEN 1

ELSE %+ J

ENDIF

0

mod_It_nat: LEMMA n < m IMPLIES mod(n, m) = n

mod_It_int: LEMMA

—m < ¢ AND ¢ < M IMPLIES
mod(¢, m) = 1¥ ¢ > (0 THEN ¢ ELSE ¢ -+ M ENDIF

mod_sum_pos: LEMMA mod(z +k X m, m) = mod(z, m)

mod_gt: LEMMA
m < ¢ AND ¢ < 2 X m IMPLIES mod(¢, m) = i—m
mod_sum: LEMMA mod(i + k X j, j) = mod(i, j)
mod_sum_nat:
(V (n1, no: below(m)):
mod(n, + ny, m) =
IF Ny +ne < m
THEN N1 + N

ELSE N +Ng — M
ENDIF)

LEMMA

mod_it_iS: LEMMA

a = b+mxc aND b < m IMPLIES b = mod(a, m)

mod_zero: LEMMA mod(0, j7) = 0

mod_one: LEMMA
mod(1, 7) =
® Jj| = 1
THEN 0
ELSIF j > (0 THEN 1

ELSE 7 + 1
ENDIF

mod_of mod: LEMMA
mod(z + mod(k, m),

m) =

mod(z + k, m)
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mod_of_mod_neg: LEMMA
mod(z — mod(k, m), m) = mod(t —k, m)

mod_inj_plus: LEMMA
a < m AND n < m AND ¢ < m AND mod(a +n, m) = mod(a+ c, m) IMPLIES
n = c

mod_inj_minus: LEMMA
a < m AND n < m AND ¢ < m AND mod(a —n, m) = mod(a —c¢, m) IMPLIES
n = c

mod_wrap_around: LEMMA
n < m AND (¢ < m AND ¢ > m —n) IMPLIES
mod(n+c, m) = n—(m—c)

mod_wrap2: LEMMA ¢ < m IMPLIES mod(m +c¢, m) = ¢

mod_injl: LEMMA
T < m AND n < m AND ¢ < m AND mod(x +n, m) = mod(x +c¢, m) IMPLIES
n = c

mod_inj2: LEMMA
r < m AND n < m AND ¢ < m AND mod(z —n, m) = mod(x —c, m) IMPLIES
n = c

mod_wrap_inj: LEMMA
n < m AND
a < m AND b < m AND a > 0 AND mod(n+a, m) = mod(n —b, m)
IMPLIES a +b = m

mod_wrap_inj_eq: LEMMA
T < M AND a < m AND b < m AND a > (O IMPLIES
(mod(z +a, m) = mod(x —b, m)) =
(a+b = m)

kk, vv: varR N
mod_neg_limited: LEMMA

0 < kk anp kk < m AND vw < m AND vv —kk < (O IMPLIES
mod(vv —kk, m) = m+vv—Kkk
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odd_mod: rEmMmA even?(m) = (odd?(mod(z, m)) 1FF odd?(z))

even_mod: LEMMA
even?(m) = (even?(mod(i, m)) IFF even?(7))

mj: VAR Ny
mod_mult: LEMMA mod(mod(i, mj x m), m) = mod(z, m)

END mod
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bv_arith_nat_defs [N: N]: THEORY
BEGIN

<(bvl, bv2: bvec|N|): bool

bv2nat(bvl) < bv2nat(bv2);

<(bvl, bv2: bvec|N|): bool

bv2nat(bvl) < bv2nat(bv2);

>(bvl, bv2: bvec|/N|): bool bv2nat(bvl) > bv2nat(bv2);

>(bvl, bv2: bvec|N|): bool bv2nat(bvl) > bv2nat(bv2);
bv : bvec[N] +i: Z:
{bvn: bvec[N] |
bv2nat(bvn) =
mod(bv2nat(bv) 4+ ¢, exp2(N))}

bv_plus: LEMMA
(V (bv: bvec[N], i: Z):
bv2nat(bv +7) =
mod(bv2nat(bv) + 7, exp2(N)));

bv : bvec[N}—i: Z: bvec[N} = bv+(—2);

bv_minus: LEMMA
(V (bv: bveC[N}, i1 Z):
bv2nat(bv —7) =
mod(bv2nat(bv) — i, exp2(N)));

bvl: bvec[N] +bv2: bvec|[N]:
{bv: bvec[N] |
bv2nat(bv) =
IF bv2nat(bvl) + bv2nat(bv2) < exp2(V)
THEN bv2nat(bv1l) 4+ bv2nat(bv2)
ELSE bv2nat(bvl) 4 bv2nat(bv2) — exp2(/V)
ENDIF }

bvl : bvec [N] X bv2 : bvec [N} :
{bv: bvec[QXN} |
bv2nat(bv) = bv2nat(bvl) x bv2nat(bv2)} ;

END bv_arith_nat_defs
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bv_int_defs [N : N >0}: THEORY
BEGIN

minint: Z = —exp2(N — 1)
maxint: Z = exp2(N —1)—1
bv_maxint_to_minint: LEMMA maxint = —minint— 1
bv_minint_to_maxint: LEMMA minint — —maxint — 1
in_rng_2s_comp(i: Z): bool = (minint < ¢ AND ¢ < maxint)
rng_2s_comp: TYPE = {i: Z | minint < 7 AND ¢ < maxint}
bv2int(bv: bvec [N }): rng_2s_comp =

IF bv2nat(bv) < exp2(N —1)

THEN bv2nat(bv)
ELSE bv2nat(bv) — exp2(NN)
ENDIF

int2bv(iv: rng_2s_comp): {bv: bvec [N ] | bv2int(bv) = iv}

END bv_int_defs
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bv_arithmetic_defs [N : N >0}: THEORY
BEGIN

bv, bvl, bv2: var bvec|[N]

—bv : bvec [N] :
{bvn: bvec[N} |
bv2int(bvn) =
IF bv2int(bv) = minint [N }
THEN bv2int(bv)
ELSE —(bv2int(bv))
ENDIF }

bvl —bv2: bvec[N] = (bvl + (—bv2))

overflow(bvl, bv2): bool =
(bv2int(bv1) + bv2int(bv2)) > maxint[N]| or
(bv2int(bvl) 4 bv2int(bv2)) < minint [N ]

bv_slt(bvl, bv2): bool = bv2int(bvl) < bv2int(bv2)

bv_sle(bvl, bv2): bool

bv2int(bvl) < bv2int(bv2)

bv_sgt(bvl, bv2): bool bv2int(bvl) > bv2int(bv2)

bv_sge(bvl, bv2): bool bv2int(bvl) > bv2int(bv2)

bv_splus(bvl, (bv2: bvec [N ] | ~Not overflow(bvl, bv2))): bvec [N } =
int2bv(bv2int(bvl) + bv2int(bv2))

mult_overflow(bvl, bv2): bool =
(bv2int(bvl) x bv2int(bv2)) > maxint[N]| or
(bv2int(bvl) x bv2int(bv2)) < minint [N ]

bv_stimes(bvl, (bv2: bvec[N] | Nor mult_overflow(bvl, bv2))): bvec[N] =
int2bv(bv2int(bvl) x bv2int(bv2))

END bv_arithmetic_defs
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bv_extend_defs [N: N>0]: THEORY
BEGIN

bv: var bvec|N]
k: var above(N)

zero_extend(k: above(N)): [bvec[N| — bvec[k]] =
(A bv: ﬁll[k—N](FALSE)obV)

sign_extend(k: above(V)): [bvec [N] — bvec [k;]] =
(A bv: fill[k — N] (v D) o by)

zero_extend_lsend(k: above(N)): [bvec[N] — bvec[k]] =
(A bv: bVOﬁll[k—N}(FALSE))

Isb_extend(k: above(V)): [bvec [N} — bvec [kﬂ =
(A bv: bvofill[k — N|(bv")

pad_left(k: above(N), b: bit)(bv): bvec[k] =
fill[k — N](b) o bv

pad_right(k: above(N), b: bit)(bv): bvec|k] =
bv o fill[k — N](b)

END bv_extend_defs
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infinite_sets_def [T: TYPE}: THEORY
BEGIN

S, R: var set[T]

is_infinite(S): MAcro bool = Nort is_finite(.5)

infinite_set: TYPE = {S | Not is_finite(S)}

Inf: vaAr infinite set

Fin: var finite_set [T}

t: VAR T

infinite_nonempty : JUDGEMENT infinite_set SUBTYPE_OF (nonempty? [T])
infinite_add: JupceMeENnT add(¢, Inf) HAS_TYPE infinite_set
infinite_remove : JUDGEMENT remove(t, Inf) HAs_TYPE infinite_set

infinite_superset: THEOREM
V Inf, S: (Inf CS) = wot is_finite(S)

infinite_union_left: jupGEMENT union(Inf, S) HAS_TYPE infinite_set
infinite_union_right: JUDGEMENT union(S, Inf) HAs_TYPE infinite_set
infinite_union: THEOREM
vV S, R:
Not is_finite((S U R)) =
Not is_finite(.S) or Nort is_finite(R)
infinite_intersection: THEOREM
v S, R:
Not is_finite((S N R)) =

Not is_finite(.S) AND Not is_finite(R)

infinite_difference : jupGeMENT difference(Inf, Fin) HAS_TYPE
infinite_set

infinite_rest: JUDGEMENT rest(Inf) HAS_TYPE infinite_set
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infinite_fullset: THEOREM
(3 S: Nor is_finite(S)) = ot is_finite(fullset[7])

END infinite_sets_def
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finite_sets_of _sets [T: TYPE}: THEORY
BEGIN

a: VAR set[T]
powerset_natfun_rec(A: finite_set [T ] , n: upto(card(A)),

f: (bijective? [(A), below(card(A))]),
B: (powerset(A))): RECURSIVE

2

IF n
THEN
ELSE LET nval =
exp2(n — 1) x 1¥ (inverse(f)(n — 1) € B) THEN 1 ELSE ( ENDIF
N nval + powerset_natfun_rec(A, n—1, f, B)

0
0

ENDIF
MEASURE T

powerset_natfun_rec_bound: LEMMA
V (A: finite_set[T], n: upto(card(A)),
[ (bijective?[(A), below(card(A))]), B: (powerset(A))):
powerset_natfun_rec(A, n, f, B) < exp2(n)

powerset_natfun(A: finite_set [T} )(B: (powerset(A))): below(exp2(card(A))) =
Ler f = choose(bijective?[(A), below(card(A))]) N
powerset_natfun_rec(A, card(A), f, B)

powerset_natfun_inj_rec: LEMMA
vV (A: ﬁnite_set[T } , n: upto(card(4)),
[ (bijective?[(A), below(card(A)]), By, By: (powerset(A))):
powerset_natfun_rec(A, n, f, Bj) = powerset_natfun_rec(4, n, f, B &

(Y (m: upto(card(A))):

(m < n) IMPLIES
((inverse(f)(m) € By) IFF
(inverse(f)(m) € Bs)))

powerset_natfun_inj: LEMMA
V (A: finite_set[T]):
YV (By, Bs: (powerset(A))):
powerset_natfun(A)(B;) = powerset_natfun(A)(B3) IMPLIES
By = By

powerset_finite: JUDGEMENT powerset(A: finite_set [T}) HAS_TYPE
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finite_set [set [T} }
SS: var setofsets|7’]

Union_finite: THEOREM
v SS:
is_finite(| J SS) 1FF
is_finite(SS) AND every(is_finite)(SS)

finite_Union_finite : LEMMA
1s_finite(SS) AND every(is_finite [T})(SS) IMPLIES
is_finite(| J SS)

Union_infinite: COROLLARY
Y SS:
Not is_finite(| J SS) 1FF
NoT is_finite(SS) or
some(A (S: set|T]): nor is_finite(S))(SS)

Intersection_finite: THEOREM
v SS:
nonempty?(SS) anp every(is_finite)(SS) =
is_finite([) SS)

Intersection_infinite : COROLLARY
vV SS:
Not is_finite(() SS) =
every(A (S': set[T]): NoT is_finite(S))(SS)

Complement_finite: THEOREM
vV SS: is_finite(Complement(SS)) 1rF is_finite(SS)

Complement_is_finite: JupgeMENT Complement(SS: finite_set [set [T H) HAS_TYPE
finite_set[set [T |

Complement_infinite : COROLLARY
vV SS: wot is_finite(Complement(SS)) 1rFF NoT is_finite(SS)

Complement_is_infinite: supement Complement(SS: infinite_set[set[7']]) HAs_TyPE
infinite_set [set[7]]

END finite_sets_of sets
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EquivalenceClosure [T : TYPE}: THEORY
BEGIN

R, S: var PRED[[T]]
x, y: VAR T
EquivClos(R): equivalence|T| =
{z, y |
V (S: equivalence[T]): (RCS) mpLies S(z, y)}

EquivClosSuperset: rLemMA (R C EquivClos(R))

EquivClosMonotone: LEMMA
(RCS) mries (EquivClos(R) € EquivClos(5))

EquivClosLeast: LEMMA
equivalence?(S) ano (R C S) mvpuies (EquivClos(R) C 5)

EquivClosIdempotent : LEMMA
EquivClos(EquivClos(R)) = EquivClos([?)

EquivalenceCharacterization: LEMMA
equivalence?(S) 1rr (S = EquivClos(.5))

END EquivalenceClosure
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QuotientDefinition [T: TYPE}: THEORY
BEGIN

R: var set[[T]]

S': VAR equivalence [T}

r, Yy, zZ: VAR T

EquivClass(R)(z): set[T] = {z | R(z, 2)}
EquivClassNonEmpty: LEMMA nonempty? [T] (EquivClass(.S)(x))

EquivClassEq: LEMMA
EquivClass(S)(x) = EquivClass(S)(y) ¢ S(x, ¥)

repEC(S)(x): T = choose(EquivClass(S)(x))
EquivClassChoose: rLEmMma S(z, repEC(S)(x))

ChooseEquivClassChoose : LEMMA
EquivClass(S)(repEC(S5)(z)) = EquivClass(S)(x)

Quotient(S): TYPE =
{P: set|T| | 3 z: P = EquivClass(S)(z)}

rep(S)(P: Quotient(S)): T = choose(F)

rep_is_repEC: LEMMA
rep(S)(EquivClass(S)(z)) = repEC(S)(x)

rep_lemma: LEMMA
EquivClass(S)(x)(rep(S)(EquivClass(S)(x)))

quotient_map(S)(x): Quotient(S) = EquivClass(S)(z)
quotient_map_surjective: LEMMA surjective?(quotient_map(.S))
ECQuotient(R): TYPE = Quotient(EquivClos(R))
ECquotient_map(R)(x): ECQuotient(R) =

quotient_map(EquivClos(R))(x)
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END QuotientDefinition

211



KernelDefinition [X: TYPE, X;: TYPE FRoM X, Y: TYPE}: THEORY
BEGIN

f: var [X1 — Y]
R: var PRED|[X]]
T1, T2: VAR X3

EquivalenceKernel(f): equivalence [X 1] =

{r1, 2 | f(x1) = f(x2)}

PreservesEq(R)(f): bool =
(restrict [[X], [X:i], bool](R) C EquivalenceKernel(f))

PreservesEqClosure : LEMMA

PreservesEq(R) =
PreservesEq(extend[ [ X], [Xi], bool, FALSE]
(EquivClos [ X ]
(restrictHX ] , [Xl} , boolean}
(R))))

PreservesEq_is_preserving: LEMMA
PreservesEq(R) =
preserves(restrict[ [X], [Xi], bool](R), =[Y])

END KernelDefinition

212



QuotientKernelProperties [X: TYPE, Xi: TYPE FROM X }: THEORY
BEGIN

S: VAR equivalence X
R: var PRED|[X]]

Kernel_quotient_map: LEMMA
EquivalenceKernel[ X, X;, Quotient(S)](quotient_map(S)) = S

PreservesEq_quotient_map: LEMMA
PreservesEq [X , X1, Quotient(S )}
(extend[[X], [Xi], bool, FaLSE|(S))
(quotient_map(.5))

quotient_map_is_Quotient_EqgivalenceRespecting: JUDGEMENT quotient_map(S) HAS_TYPE
(PreservesEq [X , X1, Quotient(S)]
(extend[[X], [Xi], bool, FALSE|(S)))

Kernel_ECquotient_map: LEMMA
EquivalenceKernel [X , X1, ECQuotient(S )] (quotient_map(.5)) =
S

PreservesEq_ECquotient_map: LEMMA
PreservesEq[X, X;, ECQuotient(S)]
(extend[[X}, [Xl}, bool, FALSE} (9))
(quotient_map(.5))

quotient_map_is_ECQuotient_EqivalenceRespecting: JUDGEMENT quotient_map(S) HAS_TYPE
(PreservesEq[X, X, ECQuotient(S)]
(extendHX}, [Xl}, bool, FALSE} (9)))

eND QuotientKernelProperties
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QuotientSubDefinition [X: TYPE, Xi: TYPE FROM X }: THEORY
BEGIN

r: VAR X
S': VAR
{R: equivalence [X ] |
PreservesEq[X, X, bool|(R)(X1_pred)}

QuotientSub(S): TYPE =
{P: set[X] | 3 x: P = EquivClass(S)(z)}

quotient_sub_map(S)(z): QuotientSub(S) = EquivClass(S)(z)

END QuotientSubDefinition
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QuotientExtensionProperties [X: TYPE, X;: TYPE FRoM X, Y: TYPE}: THEORY
BEGIN

S: VAR
{R: equivalence [X ] |
PreservesEq [X , X, bool} (R)(X1_pred)}

lift(S)(g: (PreservesEq[X, Xi, Y](S))(P: QuotientSub[X, X;]|(S): Y =
g(rep(S)(P))

lift_commutation: LEMMA
vV S, (g: (PreservesEq[X, X1, Y}(S))):
1ift(S)(g) o quotient_sub_map [ X, X;](S) = g

lift_unicity: LEMMA
YV ((S: {R: equivalence [X | PreservesEq [X , X, bool] (R)(X1_pred)}
| PreservesEq| X, X, bool} (S)(X1_pred)) ),
(g: (PreservesEq[X , X1, Y}(S))):
V (h: [QuotientSub[X, X;|(S) — Y]):
h o quotient_sub_map[X, X;](S) = g mMpLIES
h = lift(S)(g)

END QuotientExtensionProperties
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QuotientDistributive [X , Y TYPE}: THEORY
BEGIN

S: VAR equivalence[X]
Z, W: VAR [Y]

EqualityExtension(S): set[[[Y]]] =
{z, w | Sz'1, w'l) aNnp 22 = w2}

EqualityExtension_is_equivalence : JUpGEMENT EqualityExtension(S) HAS_TYPE
equivalence [ [Y} }

EqualityExtensionPreservesEq: LEMMA
PreservesEqHY}, [Y], [Y“
(EqualityExtension(S5))
(A (x: X, y: Y): (quotient_map(S)(x), v))

QuotientDistributive : LEMMA
bijective? [Quotient(EqualityExtension(S)), [Y]]
afv], [v], [V]]
(EqualityExtension(.5))
A (x: X, y: Y): (quotient_map(S)(x), v)))

R: var equivalence[Y]

RelExtension(S, R): equivalence[[YH
{z, w | S(z'1, w'l) ano R(z 2, w 2)}

RelExtensionPreservesEq: LEMMA
PreservesEqHY} , [Y] , [Quotient(R)H
(RelExtension(S, R))
A (x: X, y: Y):
(quotient_map(S)(x), quotient_map(R)(y)))

RelQuotientDistributive : LEMMA
bijective? | Quotient(RelExtension(S, R)), [Quotient(R)”
aift[[YV], [Y], [Quotient(R)]]
(RelExtension(S, R))
A (x: X, y: Y):
(quotient_map(S)(x),
quotient_map(R)(y))))
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F: var [X — equivalence|Y]]
fr g: var [X — Y]

FunExtension(F’) : equivalence[[X — Y]] =
{fr g IV (x: X): F)(f(x), g(x)}

FunExtensionPreservesEq: LEMMA
PreservesEqHX — Y}, [X — Y], [m: X — Quotient(F(a:))”
(FunExtension(F"))
A (f: [X — Y]):
A (z: X): quotient_map(F'(z))(f(x)))

FunQuotientDistributive : LEMMA
bijective? |Quotient(FunExtension(F)), [z: X — Quotient(F(z))]]
(ift[[X — Y], [X — Y], [z: X — Quotient(F(z))|]
(FunExtension(F"))
A (f: [X = Y]):
A\ (x: X):
(quotient_map(F(2))(f(2))))))

END QuotientDistributive
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Quotientlteration [X: TYPE] : THEORY
BEGIN

S: VAR equivalence[X]
r, y: VAR X

action(S)(R: equivalence [Quotient(S)])(z, ¥): bool =
R(EquivClass(S)(z), EquivClass(S)(y))

action_equivalence_is_equivalence : JUDGEMENT action(S)(R: equivalence [Quotient(S )])
HAS_TYPE equivalence [X ]

QuotientAction: LEMMA
vV (R: equivalence [Quotient(S)]):
bijective?[[Quotient(R), Quotient(action(S)(R))]

(lift|Quotient(S), Quotient(.S), Quotient(action(S)(R))}
(R)
(ift[ X, X, Quotient(action(S)(R))]

()
(quotient_map [X } (action(S)(R)))))

END Quotientlteration
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PartialFunctionDefinitions [X , Y: TYPE}: THEORY
BEGIN

SubsetPartialFunction: Type = [#dom: PRED[X], fun: [(dom) — Y]#]
LiftPartialFunction: TYPE = [X — lift [Yﬂ
f: var LiftPartialFunction
g: VAR SubsetPartialFunction
h: var [X — Y]
SPartFun_appl(g): [(dom(g)) — Y] = g fun
SPartFun_to_LPartFun(g): LiftPartialFunction =
A(z: X):
IF dom(g)(x) THEN up(fun(g)(x)) ELSE bottom ENDIF
LPartFun_to_SPartFun(f): SubsetPartialFunction =
(#dom = {z: X | up?(f(x))},
fun = A (y: {z: X | uwp?2(f(z))}): down(f(y))#)

TotalFun_to_SPartFun(h): SubsetPartialFunction =
(#dom = {x: X | TRUE}, fun = h#)

TotalFun_to_LPartFun(h): LiftPartialFunction =
A (z: X): up(h(x))

CONVERSION SPartFun_appl

coNVERSION SPartFun_to_LPartFun

coNVERSION LPartFun_to_SPartFun

coNVERSION TotalFun_to_SPartFun

coNVERSION TotalFun_to_ILPartFun
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SPartFun_to_LPartFun_to_SPartFun: LEMMA
LPartFun_to_SPartFun(SPartFun_to_LPartFun(g))

LPartFun_to_SPartFun_to_LPartFun: LEMMA
SPartFun_to_LPartFun(LPartFun_to_SPartFun( f))

eND PartialFunctionDefinitions
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PartialFunctionComposition [X , Y, Z: TYPE}: THEORY
BEGIN

f+ var LiftPartialFunction [X , Y]
g: VAR LiftPartialFunction [Y, Z ]

g o f: LiftPartialFunction [X , Z } =
A(x: X):
CASES f(x) oF bottom: bottom, up(y): g¢g(y) ENDCASES

h: var SubsetPartialFunction [X , Y]
k: var SubsetPartialFunction[Y, Z]

CompDom(k, h): PRED[X] =
{z: X | dom(h)(x) anp dom(k)(fun(h)(z))};

koh: SubsetPartialFunction[ X, Z] =
(#dom := CompDom(k, h),
fun
= A (z: (CompDom(k, h))):
fun(k)(fun(h)(x))#)

SPartFun_to_LPartFun_CompositionPreservation: LEMMA
SPartFun_to_LPartFun(k o h) =
SPartFun_to_LPartFun(k) o SPartFun_to_LPartFun(h)
LPartFun_to_SPartFun_CompositionPreservation: LEMMA
LPartFun_to_SPartFun(g o ) =
LPartFun_to_SPartFun(g) o LPartFun_to_SPartFun( f)

eND PartialFunctionComposition

221



stdlang: THEORY
BEGIN

void: TYPE = bool

skip: void = TRUE

fail: void = FALSE

try(s;, So: void): MACrRO void = S; OR S

try(s: void): MAcro void = s or skip

ifthen(b: bool, s: void): MAcroO void = IF b THEN S ELSE sKip ENDIF
ifelse(b: bool, s: void): Macro void = IF b THEN skip ELSE S ENDIF
Dummy: TYPE = bool

dummy: MACRO Dummy = FALSE

END stdlang
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stdexc [T: TYPE+}: THEORY
BEGIN

ExceptionTag: TYPE = string
Exception: TYPE = [#tag: ExceptionTag, val: T#]

make_exc(e: ExceptionTag, ¢: T): Exception =
(#tag = e, val = t#)

END stdexc

223



stdcatch [T 1, Ts: TYPE+] : THEORY
BEGIN

catch_lift(tag: ExceptionTag|[Tb], ¢1: [Dummy — Ti], to: [Exception|[Th] — Ti]):
Ty

catch(tag: ExceptionTag[Tg} , ti: T, ta: [Exception [Tg} — Tl]): MACRO 1] =
catch_lift(tag, A (d: Dummy): ¢y, t3)

catch_list_lift({: list [ExceptionTag [TQH , i [Dummy — Tl] ,
fo: [Exception [T 2} — Tl}): RECURSIVE
T1 =
CASES | OF
null: f;(FALSE),
cons(e, r): catch_lift(e, A (d: Dummy): catch_list_lift(r, fi, f2), f2)
ENDCASES
MEASURE [ BY <

catch(l: list[ExceptionTag|T5|], t¢1: Ty, t: [Exception[Th] — Ti]): macro T) =
catch_list_lift(l, A (d: Dummy): ¢, t3)

throw(tag: ExceptionTag [T 2} , e: Exception [T 2}): Ty

throw(tag: ExceptionTag[T3], val: T5): macro Tj =
throw(tag, make_exc(tag, val))

END stdcatch
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stdprog [T: TYPE+}: THEORY
BEGIN

prog(s: void, t: T): T =1

error(mssg: string): 1T’

exit: T

catch(tag: ExceptionTag [Void} , ti, to: T): MAcrO T =
catch_lift[T", void]

(tag, A (d: Dummy): ¢;, A\ (e: Exception[void]): o)

throw(tag: ExceptionTag[void]): macro T =
throw(tag, make_exc(tag, fail))

catch(l: list [ExceptionTag [void]] , ti, ta: T): MAacro T =
catch_list_lift[7", void]
(I, A\ (d: Dummy): ¢;, A (e: Exception|[void]): ¢5)

UndefinedMutableVariable : ExceptionTag [Void] =
"UndefinedMutableVariable"

Mutable: TYPE+
ref(t: T): Mutable
new: Mutable
undef(v: Mutable): bool
val_lisp(v: Mutable): T
val(v: Mutable): T =
IF undef(v)
THEN throw(UndefinedMutableVariable, make_exc(UndefinedMutableVariable, fail))
ELSE val_lisp(v)
ENDIF

def(v: Mutable, t: T): T =t

set(v: Mutable, t: T): void = LET nt = def(v, ) N skip
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CONVERSION val

Global: TYPE+ = Mutable

loop_lift(f : [Dummy — Void]): T

loop(s: void): macro T = loop_lift(A (d: Dummy): s)
return(t: T): void = fail

format(s: string, t: T'): string

END stdprog
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stdglobal [T : TYPE+, t: T }: THEORY
BEGIN

Global: TYPE+ = Mutable [T]

END stdglobal
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stdpvs [T: TYPE+}: THEORY
BEGIN

typeof(t: T'): string
str2pvs(s: string): T’
pvs2str_lisp(t: T'): string
pvs2str(t: 1'): MACRO string =
catch_lift("cant-translate", A (d: Dummy): pvs2str_lisp(t),
A (e: Exception[void}): ">
Slisp: TYPE+
slisp(l: list[T]): Slisp
{3+ list[T]): Slisp = slisp(l)

END stdpvs
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stdstr: THEORY

BEGIN
NotARealNumber: ExceptionTag string] = "NotARealNumber"
NotAnInteger: ExceptionTag [string] = "NotAnInteger"

charcode(n: N): string

chartable: void

emptystr: string = ""

space: string = " "

newline: string

tab: string

doublequote: string = charcode(34)
singlequote: string = "'"
backquote: string = " "

spaces(n: N): string

upcase(s: string): string
downcase(s: string): string
capitalize(s: string): string
strfind(sy, so: string): Z
substr(s: string, ¢, j: N): string
real2str(r: R): string

bool2str(b: bool): string = 1F b THEN "TRUE" ELSE "FALSE" ENDIF

tostr(r: R): MACrRo string = real2str(r)
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tostr(b: bool): MAcro string = bool2str(b)
str2real(s: string): Q
str2int(s: string): Z

str2bool(s, answer: string): bool =
downcase(s) = downcase(answer)

number?(s: string): bool

int?(s: string): bool

concat(s;, sSg: string): string = ;0 So;

S1: string 4+ S : string: MACRO string = concat(sy, S2);

r: R+ s: string: MACRO string

concat(real2str(r), s);

s: string+7r: R: MAcCro string = concat(s, real2str(r));

b: bool+ s: string: MACRO string =
concat(bool2str(b), s);

5: string+b: bool: MACRO string =
concat(s, bool2str(b))

pad(n: N, s: string): RECURSIVE string =
IF n = (0 THEN emptystr ELSE concat(s, pad(n —1, S)) ENDIF
MEASURE 71
strcmp(sy, So: string, sensitive: bool): Z
strcmp(sy, So: string): MACRO Z = strcmp(S;, S, TRUE)
strtrim(sy, Sy: string): string

strtrim_left(s;, so: string): string

strtrim_right(s;, So: string): string

230



trim(s: string): string
trim_left(s: string): string
trim_right(s: string): string
filename(s: string): string
directory(s: string): string

END stdstr
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stdio: THEORY

BEGIN
FileNotFound : ExceptionTag string] = "FileNotFound"
FileAlreadyExists : ExceptionTag [string} = "FileAlreadyExists"
WrongInputStreamMode :  ExceptionTag [string] = "WrongInputStreamMode"
WrongOutputStreamMode : ExceptionTag [string] = "WrongOutputStreamMode"
ClosedStream : ExceptionTag [string] = "ClosedStream"
EndOfFile: ExceptionTag [string] = "EndOfFile"

IOExceptionTags : list [ExceptionTag [string] } =
(:NotARealNumber, NotAnlInteger, FileNotFound, FileAlreadyExists, Wronglnput-
StreamMode,
WrongOutputStreamMode, ClosedStream, EndOfFile:)

assert(b: bool, str: string): void =
b or error[void} (concat(" [Assertion Failure] ", str)) & fail

break: macro void = return(skip)
while(b: bool, s: void): MAcro void =
loop_lift(A (d: Dummy):
IF b THEN s ELSE return(skip) ENDIF)
for(si, b, sinc, s: void): MAcCrRO void =
si &
loop_lift(A (d: Dummy):
IF b THEN s & sinc ELSE return(skip) ENDIF)
printstr(s: string): void = skip

print(s: string): MACRO void = printstr(s)

print(r: R): mAcro void =
printstr(concat(real2str(r), emptystr))

print(b: bool): Macro void =
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printstr(concat(bool2str(b), emptystr))
println(s: string): MAcro void = printstr(concat(s, newline))

println(r: R): macro void =
printstr(concat(real2str(r), newline))

println(b: bool): MAcro void =
printstr(concat(bool2str(b), newline))

query_token(mssg, s: string): string

query_word(mssg: string): MACRO string = query_token(mssg, emptystr)
query_line(mssg: string): string

query_real(mssg: string): Q

query_int(mssg: string): Z

query_bool(mssg, answer: string): bool =
str2bool(query_token(mssg, emptystr), answer)

read_token(s: string): MACRO string = query_token(emptystr, s)
read_word: MACRO string = query_token(emptystr, emptystr)

read_line: MACrRO string = query_line(emptystr)

read_real: Macro @QQ = query_real(emptystr)

read_int: MACRO Z = query_int(emptystr)

read_bool(answer: string): MAcCrRO bool = query_bool(emptystr, answer)
Stream: TYPE+

IStream: TYPE+ FROM Stream

OStream: TYPE+ FROM Stream

fclose(f: Stream): void = skip

233



fexists(s: string): bool
fopen?(f: Stream): bool
strstream?(f : Stream): bool
filestream?(f: Stream): bool

sdtstream?(f : Stream): bool =
Not (filestream?(f) or strstream?(f))

finput?(f: Stream): bool
foutput?(f: Stream): bool
stdin: IStream
stdout: OStream
stderr: OStream
Mode: TYPE = {input, output, create, append, overwrite, rename, Str}
mode2str(m: Mode): string =
CASES ™M OF
input: "input",
output: "output",

create: "create",
append: "append",

overwrite: "overwrite",
rename: "rename",

str: "str"

ENDCASES

tostr(m: Mode): MAcro string = mode2str(m,)
fopenin_lisp(s: string): IStream
fopenout_lisp(s: string, n: N): OStream

sopenin(s: string): IStream
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sopenout(s: string): OStream

fopenin(m: Mode, s: string): IStream =
IF m = input AND length(s) = 0
THEN stdin
ELSIF m = input THEN fopenin_lisp(s)
ELSIF M = Str THEN sopenin(s)
ELSE throw(WronglnputStreamMode, make_exc(WronglnputStreamMode, mode2str(m)))
ENDIF

fopenin(s: string): IStream = fopenin_lisp(s)
fopenout(m: Mode, s: string): OStream =

IF m = output AND length(s) = 0
THEN stdout

ELSIF m = output THEN fopenout lisp(s, 0)
ELSIF m = create THEN fopenout_lisp(s, 1)
ELSIF m = append THEN fopenout_lisp(s, 2)
ELSIF m = overwrite THEN fopenout_lisp(s, 3)
ELSIF m = rename THEN fopenout_lisp(s, 4)
ELSIF M = Str THEN sopenout(s)

ELSE throw(WrongOutputStreamMode, make_exc(WrongOutputStreamMode, mode2str(1m)))
ENDIF

fopenout(s: string): OStream = fopenout(output, s)
fname_lisp(f: Stream): string

fgetstr_lisp(f: OStream): string

eof _lisp(f: IStream): bool

flength_lisp(f: Stream): N

fgetpos_lisp(f: Stream): N

fsetpos_lisp(f: Stream, n: N): void

fprint_lisp(f: OStream, s: string): void = skip

fname(f: Stream): string =

235



1F filestream?(f) THEN fname_lisp(f) ELSE emptystr ENDIF

fgetstr(f: OStream): string =
1r fopen?(f)
THEN fgetstr_lisp(f)
ELSE throw(ClosedStream,
ENDIF

eof 2(f: IStream): bool =
e fopen?(f)
THEN eof _lisp(f)
ELSE throw(ClosedStream,
ENDIF

flength(f: Stream): N =
1F fopen?(f)
THEN flength_lisp(f)
ELSE throw(ClosedStream,
ENDIF

fgetpos(f: Stream): N =
1r fopen?(f)
THEN fgetpos_lisp(f)
ELSE throw(ClosedStream,
ENDIF

fprint(f: OStream, s: string):

e fopen?(f)

THEN fprint_lisp(f, s)
ELSE throw(ClosedStream,
ENDIF

make_exc(ClosedStream,

make_exc(ClosedStream,

make_exc(ClosedStream,

make_exc(ClosedStream,

void =

make_exc(ClosedStream,

fprint(f: OStream, r: R): maAcro void =
fprint(f, concat(real2str(r), emptystr))

fprint(f: OStream, b: bool): MAcro void =
fprint(f, concat(bool2str(b), emptystr))

fsetpos(f: Stream, n: N): void =

e fopen?(f)

THEN fsetpos_lisp(f, n)

fname(f)))

fname(/)))

fname(f)))

fname([)))

fname( f)))

ELSE throw(ClosedStream, make_exc(ClosedStream, fname(f)))
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ENDIF

fprintin(f: OStream, s: string): MACRO void =
fprint(f, concat(s, newline))

fprintln(f : OStream, r: R): macro void =
fprint(f, concat(real2str(r), newline))

fprintin(f : OStream, b: bool): Macro void =
fprint(f, concat(bool2str(b), newline))

echo(f: OStream, s: string): MACRO void =
printstr(s) & fprint(f, s)

echo(f: OStream, r: R): macro void =
printstr(concat(real2str(r), emptystr)) &
fprint(f, concat(real2str(r), emptystr))
echo(f: OStream, b: bool): Macro void =
printstr(concat(bool2str(b), emptystr)) &
fprint(f, concat(bool2str(b), emptystr))
echoln(f: OStream, s: string): MACRO void =
printstr(concat(s, newline)) &
fprint(f, concat(s, newline))
echoln(f: OStream, r: R): mAcro void =
printstr(concat(real2str(r), newline)) &
fprint(f, concat(real2str(r), newline))
echoln(f: OStream, b: bool): Macro void =
printstr(concat(bool2str(b), newline)) &
fprint(f, concat(bool2str(b), newline))
fread_token_lisp(f: IStream, s: string): string
fread_line_lisp(f: IStream): string

fread_real_lisp(f: IStream): Q

fread_int_lisp(f: IStream): 7Z
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fcheck(f: IStream): bool =
(fopen?(f) or throw(ClosedStream, make_exc(ClosedStream, fname(f)))) AND
(Not eof?(f) or
throw(EndOfFile, make_exc(EndOfFile, fname(f))))

fread_token(f: IStream, s: string): string =
prog(fcheck(f), fread_token_lisp(f, s))

fread_word(f: IStream): wmacro string = fread_token(f, emptystr)

fread_line(f: IStream): string =
prog(fcheck(f), fread_line_lisp(f))

fread_real(f: IStream): Q =
prog(fcheck(f), fread_real_lisp(f))

fread_int(f: IStream): Z =
prog(fcheck(f), fread_int_lisp(f))

fread_bool(f: IStream, answer: string): MACRO bool =
str2bool(fread_token(f, emptystr), answer)

END stdio
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stdmath: THEORY
BEGIN

MathExceptions: list[ExceptionTag|string]] =
(:NotARealNumber, NotAnlInteger:)

II: Ry

SIN(z: R): {z: R | -1 < x anp 2 < 1}
COS(y: R): {z: R | -1 < x anp =z < 1}
EXP(x: R): R.g

RANDOM: {y: R5p | 0 < y anp y < 1}
NRANDOM(n: Nyg): {y: N | 0 < y AND y < n}
sqrt_lisp(z: Rsp): R

log_lisp(z: Ryg): R

atan_lisp(z, y: R): R

asin_lisp(z: R): R

acos_lisp(z: R): R

SQRT(x: R): Ryy =

IFx < 0
THEN throw(NotARealNumber,
make_exc(NotARealNumber, concat(concat("SQRT (", real2str(x)), ")")))
ELSE sqrt_lisp(x)
ENDIF
LOG(z: R): R =
Fz <0
THEN throw(NotARealNumber,
make_exc(NotARealNumber, concat(concat("LOG (", real2str(z)), ")")))

ELSE log_lisp(z)
ENDIF
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TAN(z: R): R =
LET d = COS(r) IN
IF d = 0
THEN throw(NotARealNumber,
make_exc(NotARealNumber,
concat(concat("TAN (", real2str(x)), "0)")))
eLse SIN(x)/COS(z)

ENDIF

ATAN(y, z: R): R =
IFx =0 avD y =0
THEN throw(NotARealNumber, make_exc(NotARealNumber, "ATAN(0,0)"™))
ELSE atan_lisp(y, x)
ENDIF

ASIN(z: R): R =
IFr < —1 orx >1
THEN throw(NotARealNumber,
make_exc(NotARealNumber, concat(concat("ASIN (", real2str(z)), ")"™)))
ELSE asin_lisp(z)
ENDIF

ACOS(z: R): R =
IFxr < —1 or 2z >1
THEN throw(NotARealNumber,
make_exc(NotARealNumber, concat(concat("ACOS (", real2str(x)), ")")))
ELSE acos_lisp(z)
ENDIF

BRANDOM: bool = (NRANDOM(2) = 0)

END stdmath
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stdfmap [T : TYPE+}: THEORY
BEGIN

fmap(f: IStream, fread: [IStream — string], ¢: T, st: [[T] — T,
n: N): RECURSIVE
T =
1r fopen?(f)
THEN IF n = 0 or eof?(f)
THEN 1
ELSE LET s = fread(f) I
LET nt = st(s, t) N fmap(f, fread, nt, st, n—1)
ENDIF
ELSE throw(ClosedStream, make_exc(ClosedStream, fname(f)))
ENDIF
MEASURE 70

fmap(f: IStream, fread: [IStream — string], t: T, st: HT } — T }): T =
Ler [ = flength(f) v
Ler nt = fmap(f, fread, t, st, [) i prog(fclose(f), nt)

fmap_line(f: IStream, t: T, st: HT} — T]): T =
Ler [ = flength(f) v

Ler nt = fmap(f, fread_line, ¢, st, [) IN
prog(fclose(f), nt)

printf(s: string, t: T): Macro void = printstr(format(s, t))

fprintf(f: OStream, s: string, ¢t: 7): MAcro void =
fprint(f, format(s, t))

END stdfmap
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stdindent: THEORY
BEGIN

Indent: TYPE+

create_indent(n: N, s: string): Indent

push_indent(¢: Indent, n: N): void

pop_indent(z: Indent): void

top_indent(z: Indent): N

get_indent(z: Indent): N

set_indent(z: Indent, n: N): void

get_prefix(z: Indent): string

set_prefix(¢: Indent, s: string): void

create_indent(n: N): Macro Indent = create_indent(n, emptystr)
open_block(z: Indent, n: N): macro void = push_indent(i, n)

open_block(z: Indent): macro void =
push_indent(z, get_indent(z))

close_block(i: Indent): macro void pop_indent(z)

indent(z: Indent): string =
concat(get_prefix(z), spaces(top_indent(z)))

indent(z: Indent, s: string): string = concat(indent(z), s)
prindent(z: Indent, s: string): void = printstr(indent(z, s))

prindentln(¢: Indent, s: string): void =
printstr(concat(indent(z, s), newline))

fprindent(f : OStream, ¢: Indent, s: string): void =
fprint(f, indent(i, s))
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fprindentln(f: OStream, ¢: Indent, s: string): void =
fprint(f, concat(indent(i, s), newline))

center(col: N, s: string): string =
format(concat(concat("~", real2str(col)), ":@<~a~>"), s)

flushleft(col: N, s: string): string =
format(concat(concat("~", real2str(col)), "a"), s)

flushright(col: N, s: string): string =
format(concat(concat("~", real2str(col)), "@a"), s)

END stdindent
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stdtokenizer: THEORY
BEGIN

NoError: N = 0
FileNotFound: N = 1
EndOfTokenizer: N = 2
InvalidToken: N = 3
ExpectingWord: N = 4
ExpectingTestWord: N = 5
Expectinglnt: N = 6
ExpectingTestlnt: N = 7
ExpectingReal: N = 8
ExpectingTestReal: N = 9
Tokenizer: TYPE =
[#stream: [N — string],
lines : [N — N},

casesen: boolean,
separ: string,

error: 7,

val_int: Z,
val_real: R,
length: N,

pos: upto(length)#}

init_tokenizer(casesen: bool, separ: string): Tokenizer =
(#stream := A\ (z: N): emptystr,
lines = A (z: N): 0,

casesen := casesen,
separ := separ,
error := NoError,
val_int = 0,
val_real = O,
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empty_tokenizer: Tokenizer =
(#stream = A\ (z: N): emptystr,
lines = A\ (z: N): 0,

casesen := TRUE,
separ = emptystr,
error := NoError,
val_int := O,
val_real = O,
length := 0,

pos = 0#)

TokenizerOfLength(l: Z): T1YPE = {t: Tokenizer | ¢ length = [}

set_casesen(t: Tokenizer, c: bool): Tokenizer =
t with [ casesen = c]

error?(t: Tokenizer): MAcrRo bool = ¢ error # NoError

set_error(t: Tokenizer, code: Z): TokenizerOfLength(t" length) =
¢t witH [ error = code]

last_token(z: Tokenizer): string =
IF t pos = 0
THEN emptystr
ELSE t° stream(¢pos — 1)
ENDIF

peek(t: Tokenizer, n: Niyg): MACRO string =
t stream(tpos +n — 1)

next_token(f: Tokenizer): MACRO string =
t" stream(t'pos + 1 — 1)

tostr(t: Tokenizer, ¢: upto(t length)): RECURSIVE string =
IF ¢ = t length
THEN emptystr
ELSIF ¢ = 1 pos
THEN concat(concat(concat(" [", ¢ stream(z)), "] "), tostr(t, 7+ 1))
ELSE concat(concat(t" stream(z), space), tostr(t, 7+ 1))
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ENDIF
MEASURE t’length — ¢

add_token(s: string, t: Tokenizer, [: N): macro Tokenizer =
LET n = t length IN
t
WITH [‘stream(n) = s,
“lines(n) = I,
“length = n + 1]

read_token(¢: Tokenizer)(f: IStream): string =
fread_token(f, ¢ separ)

line_tokenizer(s: string, tl: [N]): [N] =
LET (t, ) = tl IN
LET g = fopenin(str, s) IN

LET [ =
(A (mys: string, myt: Tokenizer):
LET n = myt length N
myt
WITH [‘stream(n) = mys,
“lines(n) = {,
“length = n+ 1))
IN

LET nt = fmap(g, read_token(t), ¢, f, length(s)) IN
prog(fclose(g), (nt, [+ 1))

file2tokenizer(s: string, t: Tokenizer): Tokenizer =
IF fexists(s)
THEN LET (nt, [) = fmap_line(fopenin(s), (¢, 1), line_tokenizer) IN nt
ELSE LET filename = s IN ¢t WITH [ stream(0) := filename, " error := FileNotFound}

ENDIF

file2tokenizer(s: string): Tokenizer =
file2tokenizer(s, empty_tokenizer)

str2tokenizer(s: string, t: Tokenizer): Tokenizer =
Ler f = fopenin(str, s) IN
LeT (nt, [) = fmap_line(f, (¢, 1), line_tokenizer) N nt
str2tokenizer(s: string): Tokenizer =

str2tokenizer(s, empty_tokenizer)
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eot?(t: Tokenizer): bool = t pos = t length
get_line(t: Tokenizer): Macro N = ¢’ lines(t" pos)

consume(t: Tokenizer, n: N.j): TokenizerOfLength(?" length) =
IF t error # NoError

THEN ¢
ELSIF eot?(t) orR ¢'pos+mn > ¢ length THEN ¢ witH [ error := EndOfTokenizer]
ELSE t WITH [‘pos = t‘pos+n]
ENDIF

go_next(t: Tokenizer): macro TokenizerOfLength(t" length) =
consume(t, 1)

go_back(¢: Tokenizer): TokenizerOfLength(?" length) =

IF t pos = 0

THEN ¢
ELSE ¢ WITH | pos := {'pos — 1]
ENDIF

pos_go_next: LEMMA
V (t;: Tokenizer):
LET 1 = consume(t;, 1) IN
NOT to error # NoError IMPLIES ¢y pos = t; pos+ 1

accept_word(¢: Tokenizer, test: [string — bool]): TokenizerOfLength(¢ " length) =
IF ¢ error # NoError

THEN 1
ELSIF eot?(f) THEN ¢ WITH [ error = EndOfTokenizer]
ELSIF number?(? " stream(? " pos)) THEN ¢ WITH [ error := ExpectingWOrd}
ELSIF test(?" stream(?” pos)) THEN ¢ WITH [‘pos = tpos + 1]
ELSE { WITH [ error = ExpectingTestWOrd}
ENDIF

pos_accept_word: LEMMA
V (t;: Tokenizer, test: [string — bool}):
LET t; = accept_word(?;, test) IN
NOT 9 error # NoError mMPLIES to pos = t;°pos+ 1

the_word(s: string)(token: string): bool = str2bool(s, token)
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accept_word(?: Tokenizer, s: string): MAcro TokenizerOfLength(?" length)
accept_word(¢, the_word(s))

any_word(token: string): bool = TRUE

accept_word(¢: Tokenizer): macro TokenizerOfLength(?" length) =
accept_word(¢, any_word)

accept_int(t: Tokenizer, test: [Z — bool]): TokenizerOfLength(¢" length) =
IF t error # NoError
THEN ©
ELSIF eot?(f) THEN t WITH [ error = EndOfTokenizer]
ELSIF NOT int?(¢" stream(f’ pos)) THEN t WITH [ error = ExpectingInt}
ELSE LET ¢ = str2int(¢" stream(t” pos)) IN
IF test(?)
THEN ¢ WITH [‘pos = tpos+1, “valint := ¢, “val_real = 1
ELSE { WITH [ error = ExpectingTestInt}
ENDIF
ENDIF

pos_accept_int: LEMMA
V (t;: Tokenizer, test: [Z — bool}):
LET to = accept_int(t;, test) IN
NOT ty° error # NoError IMPLIES ¢y pos = t; pos+ 1

any_int(¢: Z): bool = TRUE

accept_int(t: Tokenizer): macro TokenizerOfLength(¢" length) =
accept_int(t, any_int)

accept_real(t: Tokenizer, test: [R — bool]): TokenizerOfLength(z " length) =
IF t error # NoError
THEN 1

ELSIF eot?(t) THEN © WITH [ error = EndOfTokenizer]
ELSIF NOT number?(t" stream(f” pos)) THEN { WITH [ error = ExpectingReal}
ELSE LET r = str2real(t” stream(f” pos)) IN

IF test(r)

THEN { WITH [‘pos = tpos+1, ‘val_real := r}

ELSE ¢ witH | error := ExpectingTestReal]

ENDIF
ENDIF
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pos_accept_real: LEMMA
V (t1: Tokenizer, test: [R — bool]):
LET to = accept_real(t;, test) IN
NOT to error # NoError IMPLIES ¢y pos = t;pos+ 1

any_real(r: R): bool = TRUE

accept_real(t: Tokenizer): macro TokenizerOfLength(?" length) =
accept_real(t, any_real)

Messenger: TYPE = [Z — string}

std_mssg(t: Tokenizer)(code: Z): string =

IF code < 0

THEN emptystr
ELSIF code = FileNotFound

THEN concat(concat(concat(concat("File not found: ", doublequote),

t stream(tpos + 1 — 1)),
doublequote),
" n)

ELSIF code = EndOfTokenizer THEN "Found EOT."
ELSIF code = InvalidToken

THEN concat(concat(concat(concat("Invalid Token: ", doublequote),
t* stream(tpos + 1 — 1)),

doublequote),
" . ")
ELSIF code = ExpectingWord
THEN concat(concat(concat(concat("Expecting a word. Found: ", double-
quote),
t* stream(tpos + 1 — 1)),
doublequote),
" . ll)
ELSIF code = ExpectingTestWord
THEN concat(concat(concat(concat("Expecting word that satisfies test. Found:
doublequote),
t* stream(tpos + 1 — 1)),
doublequote),
n . ll)
ELSIF code = Expectinglnt
THEN concat(concat(concat(concat("Expecting an integer. Found: ", dou-
blequote),

t* stream(t'pos + 1 — 1)),
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doublequote),
nom )
eLsiF code = ExpectingTestInt
THEN concat(concat(concat(concat("Expecting integer that satisfies test. Foun

doublequote),
t stream(t¢pos + 1 — 1)),
doublequote),
nw . ll)
ELsIF code = ExpectingReal
THEN concat(concat(concat(concat("Expecting a real. Found: ", double-
quote),
" stream(tpos + 1 — 1)),
doublequote),
" . ")
eLsiF code = ExpectingTestReal
THEN concat(concat(concat(concat("Expecting real that satisfies test. Found:
doublequote),
t stream(tpos + 1 — 1)),
doublequote),
" . ")

ELSE emptystr
ENDIF

print_error(f: Tokenizer, m: Messenger): MACRO void =
IF t error # NoError
THEN printstr(concat(concat(concat(concat(concat(" Syntax Error. ", "Line "),
real2str(¢ " lines(¢ " pos))),
",
m(error(t))),
newline))
& fail
ELSE skip
ENDIF

print_error(f: Tokenizer): Macro void =
IF t error # NoError
THEN printstr(concat(concat(concat(concat(concat(" Syntax Error. ", "Line "),
real2str(¢" lines(¢ " pos))),
"o "),
std_mssg(t)(error(t))),
newline))
& fail
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ELSE skip
ENDIF;

m : Messenger X ¢s: [string] : Messenger =
LET (code, s) = ¢S IN m WITH [‘code = s}

tokenizer2str(t: Tokenizer): string =
concat(concat(tostr(¢, 0), newline),

std_mssg(t)(t " error))

CONVERSION tokenizer2str

tostr(t: Tokenizer): MACRO string = tokenizer2str(t)

END stdtokenizer
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stdpvsio: THEORY
BEGIN

help_pvs_attachment(s: string): void
help_pvs_theory_attachments(s: string): void
pvsio_version:  string

set_promptin(s: string): void
set_promptout(s: string): void

END stdpvsio
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stdsys: THEORY
BEGIN

Time: TYPE =
[#second : below(60),
minute: below(60),
hour: below(24),
day: subrange(1, 31),
month: subrange(1, 12),

year: N,
dow: below(7),
dst: bool,

tz: {x: Q | —24 < x anp x < 24}#}

tinybang: Time =
(#day = 1,
dow = 0,
dst := FALSE,
hour = 0,
minute = 0,
month = 1,
second := O,
tz == 0,
year = O#)

days_of_week(dow: below(7)): string =

1IF dow = 0

THEN "Monday"
ELSIF dow = 1 THEN "Tuesday"
ELSIF dow = 2 THEN "Wednesday"
ELSIF dow = 3 THEN "Thursday"
ELSIF dow = 4 THEN "Friday"
ELSIF dow = 5 THEN "Saturday"
ELSE "Sunday"
ENDIF

months(month: subrange(1, 12)): string =

IF month = 1

THEN "January"
ELSIF month = 2 THEN "February"
ELSIF month = 3 THEN "March"
ELSIF month = 4 THEN "April"
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ELSIF month = 5 THEN "May"

ELSIF month = 6 THEN "June"

ELSIF month = 7 THEN "July"

ELSIF month = 8 THEN "August"
ELSIF month = 9 THEN "September"
ELSIF month = 10 THEN "October"
ELSIF month = 11 THEN "November"
ELSE "December"

ENDIF

tostr(t: Time): string =

concat(concat(concat(concat(concat(concat(days_of_week(dow(t)), " "),
months(month(t))),
format(" ~2,'0d ", day(?))),
real2str(year(t))),

format(", ~2,'0d:~2,'0d:~2,'0d ",
(hour(t), minute(t), second(?)))),
format(" (GMT~@Qd) ", —tz(t)))
get_time: Time
today: string =
LET t = get_time IN

format("~d/~2, '0d/~d", (month(t), day(t), year(t)))
date: string = LET t = get_time IN tostr(get_time)
sleep(n: N): void
get_env(name, default: string): string
get_env(name: string): MACRO string = get_env(name, emptystr)

printf(s: string): MAcro void = printstr(format(s, ""))

fprintf(f: OStream, s: string): MACRO void =
fprint(f, format(s, ""))

Blisp: TYPE+

blisp(b: bool): Blisp
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{lI}(b: bool): Blisp = blisp(b)

END stdsys

255



