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Here is more information.
What does this routine 
do?
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• Some embedded CPUs do not have a 
multiplier

• Also needed for arbitrary 
precision multiplication on 32 bit 
processors

• a*b = a + a + a … linear in b
• Whereas the q algorithm does it in 

log(b) time
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Weakest Precondition Calculus

wp(“x:=e”,R) ≙ WD(e)∧R[x:e] -- also simultaneous assign 
-- WD(e) means expression e is well defined

wp(“S1;S2”) ≙ wp(“S1”,wp(“S2”,R)

wp(“if B then S1 else S2”,R)
≙ WD(B) ∧(B ⇒ wp(“S1”,R)) ∧(¬B ⇒ wp(“S2”,R)) 

Thus: x:=a; y:=b; z:=0 can be reduced to the simultaneous 
assignment:  x, y, z := a, b, 0

{Q} program {R}  ≙ Q ⇒ wp(“program”,R) 
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Weakest Precondition Calculus

r(a:T) -- routine r
require P
do

from init
invariant I
until B
do 

body 
variant V
end

ensure R
end

Proof Obligations for loop
1. {P} init {I}
2. {I∧¬B} body {I}
3. (I∧B) ⇒ R
4. (I∧¬B) ⇒ (V >= 0)
5. {I∧¬B ∧ V=V0} body  {V<V0}

Note: This also means that:
V < 0 implies (not I) or B 
(i.e. we have terminated)
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(1) Q ⇒ wp(“x, y, z := a, b, 0”, I)
I: y ≥ 0 ⋀ z + x*y = a*b

wp("x, y, z := a, b, 0", I) 
= « definition of wp for assignment »
I [x, y, z := a, b, 0] 
= « substitution »
b ≥ 0 ⋀ 0 + a*b = a*b  

= « arithmetic »
b ≥ 0  

= « definition of Q»
Q
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{I ⋀ ¬B ⋀ B1} S1 {I}
= {I ⋀ B1} S1 {I}

wp("x := x + x ‖ y := y÷2", I)
= « definition of wp for assignment »
I[x := x + x ‖ y := y ÷ 2]

= « substitution »
y÷2 ≥ 0 ⋀ z + (x+x)*(y÷2) = a*b

= « assume B1: y > 0 ⋀ even(y), 
arithmetic (x+x)*(y÷2) = 2x*(y÷2) = x*y »

y ≥ 0 ⋀ z + x*y = a*b
= « defn. of I »

I

Thus I ⋀ B1 ⇒ wp("x := x + x ‖ y := y ÷ 2", I),
i.e. {I ⋀ B1} S1 {I}

I: y ≥ 0 ⋀ z + x*y = a*b
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{I ⋀ ¬B ⋀ B2} S2 {I}
= {I ⋀ B2} S2 {I}

wp(“y := y-1‖ z := z+x", I)
= « definition of wp for assignment »
I[y := y-1 ‖ z := z+x]

= « substitution »
(y-1≥0) ⋀ (z+x + x*(y-1) = a*b)

= « assume B2: odd(y), i.e. y≠0, 
arithmetic: z+x + x*(y-1) = z + x*y»

(odd(y)⋀y≥1) ⋀ (z + x*y = a*b)
= « arithmetic: odd(y)⋀y≥1 ≡ odd(y)⋀y>=0 »

I ⋀ B2

Thus, {I ⋀ B2} S2 {I}, i.e. I ⋀ B2 ⇒ wp(“S2”, R)

I: y ≥ 0 ⋀ z + x*y = a*b
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Dijkstra’s non-deterministic guarded command language

do B1 → S1 
[] B2 → S2
od

BB = B1 ⋁ B2

So long as BB holds, 
choose a guarded command 
Bi→ Si 
and execute it
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Dijkstra’s guarded command language

BB = B1 ⋁ B2

{P}
do {P ⋀ B1} B1 → S1 {P}
[] {P ⋀ B2} B2 → S2 {P}
od
{P ⋀ ￢BB}
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The algorithm in Dijkstra’s guarded command language
BB = B1 ⋁ B2

x, y, z := a, b, 0

do y > 0 ⋀ even(y) → x := x + x ‖ y := y ÷ 2
[] odd(y)          → y := y - 1 ‖ z := z + x
od
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The algorithm in Dijkstra’s guarded command language
BB = B1 ⋁ B2

{Q: b ≥ 0}
x, y, z := a, b, 0
{P: y ≥ 0 ⋀ z + x*y = a*b}
{variant t: y}
do y > 0 ⋀ even(y) → {P ⋀ B1} x := x + x ‖ y := y ÷ 2 {P}
[] odd(y)          → {P ⋀ B2} y := y - 1 ‖ z := z + x {P}
od
{P ⋀ ￢BB}
{R: z = a*b}
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Dijkstra’s guarded command 
language
BB = B1 ⋁ B2

{Q}
init
{invariant: P}
{variant: t}
do {P ⋀ B1} B1 → S1 {P}
[] {P ⋀ B2} B2 → S2 {P}
od
{P ⋀ ￢BB}
{R}

Prove {Q} loop {R}

1. Prove that P is true 
initially, Q ⇒ P

2. Prove that each guarded 
command preserves P, i.e. 
{P ⋀ Bi} Si {P}

3. Prove that the invariant
entails the postcondition, 
i.e. P ⋀ ￢ B ⇒ R

4. Show that variant is 
bounded below
P ⋀ BB ⇒ t >= 0

5. Show that the variant 
decreases each iteration
{P ⋀ Bi ⋀ t=T} Si {t < T}


